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" b is the nature of genuine science to adrance In continual progression. 
Each step carries it still higher ; new relations are descried ; and the most 
distant objects seem gradually to approximate. But, wlille science thus en> 
larges its bounds, it likewise tends uniibmily to simplicity and concentration. 
The discoveries of one age are, pertiaps, in the next, melted down into the 
mass of elementary truths. What are deemed at first merely objects of en* 
ligfatMied curioeity bec«me, in due time, subservient to the most important 
interests. Theory soon descends to guide and assist the operations of i»ac- 
tice. To the geometrical speculations of tlie Greeks, we may distinctly trace 
whatever progress the moderns have lieen enabled to achieve in mechanics, 
navigation, and the various complicated arts of life. A refined analysis lias 
unfolded the harmony of the celestial moti<»>s, and conducted the philosopher, 
tluough a maze of intricate phenomena, to the great laws appointed for the 
government of the universe." — Fbofbs8ob Lbsub. 

" The curiosity which speaks in children's busy eyes and hands sliould be 
to us the voice of Naturei bidding us make our beginnings early. The in&nt 
who cannot speak gazes earnestly and thoughtftilly at the most common tAy 
ject, returning to it, and glancing fiiom one part to another, as if to learn their 
connection. When he can walk, he goes round it, handling it, and studying 
it with aU his senses. When he speaks, his questions are of size, form, and 
distance. If our answers are cardess or unsatis&ctory, his quick eyes and 
mind, not Uunted by habit, detect our errors. He loves comparison of ob- 
jects, and the imaginary multiplication and extension of them ; he is pleased 
with tlia new and the difibrent, and equally pleased with resemblance and 
equality to things known before. 

"Happy age of natural geometry, — when each look and motion, nay, his 
very games, lead the boy on to the laws which shape the spheres and hold 
the planets in their course I " — Authob of thb Thbobt of Tbaoruiq. 



Entered aceordin; to Act of Congreei, in the year 1847, by Alpheua Croaby, in the Clerk'a 
Office of the Diatrict Coiut o( the Diatrict of New Hampabire. 



CAMBRIDGE i 

METCALF AND COMPANY, 

PRINTSRS TO THB UNIVBRSITY. 



PREFACE. 



The following work is stated in the title to be upon the 
model of Colburn's *' First Lessons in Arithmetic," because 
no other method occurred to me of presenting a general 
view of its plan, which would be at once so brief and so 
well understood. Without aiming at minute resemblance, 
and certainly without challenging any comparison in merit, 
it 18 an imitation of that admirable work, which has intro- 
duced 60 entire a revolution in the mode of teaching Aritl^ 
metic in our country, in the following particulars. 

I. It aims to give a nmpler and plainer form to the ele- 
ments of Greometry, and thus to bring the science, without 
sacrificing any of that strictness of demonstration which is 
its peculiar glory, within the province of the common school, 
and the reach even of the quite young. The relations of 
place, and form, and magnitude are those of which the 
youthful, not to say the mature, mind conceives most easily 
and most distinctly ; and it has long seemed to me a subject 
for regret, that we have had no work in our list of common- 
school books (however excellent treatises may have been pre- 
pared for higher institutions, or for special purposes) to take 
advantage of these juvenile conceptions, to give to them a 
scientific form, and to make them the foundation of elevated 
and accurate attainment. 

It is obvious that the reasoning employed in Geometry is, 
in its nature, less abstruse than that which is employed in 
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Algebra, or even in Arithmetic, if you pass beyond the sim- 
pler rules. And it has seemed to me, that no one can consider 
the admirable discipline which Geometry gives to the mind, 
its intimate connection with almost all the arts and occupations 
of men, and its Essential concern in those perceptions, com- 
parisons, judgments, calculations, and acts, which, from the 
very necessity of our nature, constitute the great staple of 
life, without feeling, that, if the door of the famed school of 
Plato bore upon the outside the inscription, ** Let no one 
enter without a knowledge of Geometry," the door of every 
common school ought to bear upon the inside the inscription, 
'* Let no one go forth without a knowledge of Greometry." 
Aside from all other advantages of the study, who can com- 
pute the vast difference which it makes in the dignity and 
the pleasure of life, whether we tread its path with an imr- 
perfect coruxption or a distinct view of the relations and 
properties of the material objects of grandeur, beauty, and 
use which are all around us, rising in the distance, skirting 
our pathway, shining oyer our heads, and blooming beneath 
our feet? Who would be bhndy when lie may see? 

IL Its method is that of suggestion, instead of dktiOton, 
Its object is to guide and assist the student in discovering for 
himself the truths of Greometry with their proofs, instead of 
making his work consist wholly in possessing himself of the 
precepts and reasonings of another, a work in which, ali 
teachers have observed, the memory has often a larger share 
than the understanding. That which, more than any thing 
else, has robbed Geometry of its proper attractiveness, is 
that the mind has been made too passive in its study. 
With Americans at least, no study will ever be a favorite, 
which does not call into exercise the more active and inde- 
pendent powers of the mind. With what interest would 
Arithmetic or Algebra be studied, if every question were 
answered as soon as asked, or rather the fact were stated 
without a question's being even raised, and then this statement 
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weie followed in erery iimtanoe by the whole operation writ- 
ten out in its minutiae, and the scholar's work consisted 
merely in tracing out this operation, of which he already 
knows the result, and going over it again and again, till ho 
can reproduce it (sometimes with scarce a thought that it 
has any meaning), when called up for recitation! 

in. It abounds in illustrative questions, both general and 
numerical. A truth has become in an especial sense our 
owuy when we have learned to apply it. It is now no longer 
a stranger, but a member of the household. In these que^' 
tions I haye avoided high and complicated numbers, in order 
that the arithmetical computation might not divert the mind 
from the geometrical truth to be illustrated* 

One important addition to the plan of the work selected as 
a model will not fail to be obeerved. It is the full discus- 
sion of the dementary ideas of the science, and the definite 
statement of the, results of its investigation in the form of 
distinct theorems and corollaries. Especial pains have been 
taken to render the definitipns clear, and to conform them to 
the ideas actually existing in the mind, instead of making 
them, as they have too often been, disguised presentations of 
some axiom or theorem. That *' a straight line is the 
i^ortest distance between two points," that << parallel lines 
will never meet," and that, '' if any two points are taken in 
a plane, the straight line connecting those points will lie 
wholly in the plane," are all true enough, and may be read* 
ily shown ; but, when proposed as definitions, let me ask 
the thinking man if they do not fail to express the essential 
idea which the mind has of the object defined, and do not 
substitute instead of this an elementary proposition in regard 
to it. I might go still farther, and ask if these definitions 
have not led in some cases to a species of unconscious soph- 
istry, a reasoning at one time according to the real concep- 
tion of the mind, and at another according to the arbitrary 
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definition.* In regard to the theoremB, no puns have been 
spared to make them clear, concise, and compzehensiTe. In 
some instances, they have been intentionally so worded as to 
admit a double application, and to include two propositions, 
one of which is the conyerse of the other. 

Mathematical signs have been extensively used, from the 
great reUef which they give both to the hand, the eye, and 
the mind ; and from the conviction that every thing which 
shortens the expression of truth, without sacrificing clear- 
ness, assists the mind in apprehending and in retaining it. 
The plan of the book has led to the adoption of two signs 
of an interrogative character (§ 13) . To assist still farther 
the eye and the mind, each step in a demonstration is cc«a- 
monly printed in a separate line. 

It will be observed that the section-mark is sometimes 
prefixed rather for convenience of reference than to denote 
change of subject ; and that the lessons in Part First which 
are marked A. are simply introductory to those which fol- 
low, and might be omitted without affecting the complete- 
ness of the work. 

For the greater simplicity of plan, the work is chiefly 
confined to Plane Rectilinear Geometry, and treats of this 
only so far as its laws can be investigated without introduc- 
ing the doctrine of proportion. The field occupied is very 
nearly the same with that of the first and second books of 
Euclid. An index is given of the corresponding proposi- 
tions both of Euclid and of Legendre. 

* " This identity of direction in all its parts is tliat peculiar property of 
the straight line, which enters into every consideration of angles and paral- 
lels ; and the neglect of which has been the cause of most of tlie embarrass- 
ment that has been felt in discussing the doctrine of parallel lines. . . . f^ 
It is hardly credible that the authors themselves, in using parallel lines in 
the various demonstrations in which they occur, usually think of them aa 
not meeting. They contemplate them merely as having the same direction, 
and mentally derive their results from this property. This Is certainly tnia 
of those who read their books."— Profisiob Hatwabo. 
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'The whole woik is so constructed, that it is belieyed that 
the teacher, even if the science is entirely new to him, will 
find no difficulty in taking it up, and, with a little preparer 
tory study, instructing a class in it. Some suggestions in 
regard to the hest method of study and recitation immedi- 
ately follow the latrodnetion. 

I cannot express strongly enough my ohligations to my 
associate. Professor Chase, for his encouragement, yaluable 
suggestions, and important assistance in the preparation of 
this work. He has conferred a great additional favor, in 
consenting to prefix to it an Introduction. I am also deeply 
indebted to my associate. Professor Toung, and to Professor 
Peirce of the University at Cambridge. 

A. C. 

March 1, 1847. 
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INTRODUCTION. 



The importance of an earlier and more general stady oi 
Geometry) the expediency of bringing it into our common 
schools, and the need of a text-book adapted to that purpose, 
vere, more than seven years ago, subjects of frequent oon- 
Tersation between myself and the author of the following 
treatise. I was strongly urged by him to undertake the pzep- 
azation of a book. But no satisfiictory plan occuning to 
me, the subject was dropped. Recently, howerer, Profsssor 
Crosby has again turned his attention to the subject, and, as 
no work had appeared which met (^ views, determined him- 
self to make an attempt to supply the want whidi we had so 
long felt. The treatise now published is the result of this 
detenmnation. 

I shall avail myself of the opportunity offered by the pnbli> 
eation of this work, and of the space afibided me by the 
author, to suggest some reasons for the introduction of 
Geometry into common schools, and certain principles, whieh 
should direct in the preparation of a text4)ook for this pur- 
pose. 

The study of GecHnetry is admirably adapted to the powers 
of the youthful tmnd. Its ideas are elementary. The ideas 
of form and size are among the earliest which children ao> 
quire. Why should we not continue to direct their attention 
to ideas so early awakened? Why should we not extend 
their knowledge of subjects, towards which the mind so 
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natuially turns, and, while thus enooniaging the mind to ac- 
tivity hy leading it in the very path which itself has chosen, 
secure, instead of confused notions, distinct and accurate 
ideas? 

This cannot he difficult. A child can distinguish hetween 
a straight line and a curve ; can understand the nature of an 
angle, a triangle, a parallelogram, a square, or a circle ; can 
compare magnitudes, and apprehend the relations of equaUty 
and inequality. 

In Greometry, moreover, if anywhere, one thing can he 
learned at a time, a principle of admitted importance in the 
education of the young, though practically far too little re- 
garded. 

Again, Geometry is, in many resp€«Jts, more elementary 
and less difficult than Arithmetic. It is true, that Arithmetic 
is studied in the child's school ; Gec»netry, in the college. 
Arithmetic is universally regarded, and spoken of, as an easy 
study ; Greometry is, by some at least, regarded as sufficientr 
ly difficult. But the difficulties of Geometry are present or 
recent difficulties ; those of Arithmetic have been forgotten 
with the grie& of childhood. Arithmetic has been a subject 
of study from infancy. One of the earliest mental opera- 
tions which the child learns is to count. Yet it is an operar 
tion of no little difficulty. The relations of difi^rent numbers 
are to be learned, and a name to be remembered for each 
particular number ; in other words, for each combination of 
units. The number of the things counted is to be ci^racted 
&om the things themselves. I^ not this at least as difficult 
as to distinguish varieties of form, or to learn the relations of 
different magnitudes J Is it not as easy to apprehend the dis- 
tinction between a polygon with three angles, and one with 
four, as between the abstract numbers 3 and 4 ? Is it not as 
easy to see that two equal straight lines will coincide, as to 
see that 9 times 9 are 81 ? Or, to understand the definition 
of a straight line, as to appreciate the local value of figures % 
Is not, in short, the idea of extension as elementary as that of 
number ? Will a child amuse himself by cutting a sheet of 
paper into some definite number of pieces, or by endeavouring 
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to produce some particular shape ? by ootinting the pieces, or 
by comparing tha forma with each other, and with other 
known forms t 

" But why," it will be asked, "is the study of an ekmerU' 
ary subject frequently so difficult to young men of more ma- 
ture minds ? " Partly from the very fact of the maturity of 
their minds, or, rather, of their mental habits. They have 
long thought and spoken loosely of the distinctions of form- 
and magnitude, and have never given a moment's attention to 
the careful and discriminating consideration of such subjects. 
Is it strange, that, when young men with such habits un- 
dertake to acquire, in a short time, perfectiy correct notions 
of so many objects of study, either entirely new, or seen in 
new rdations, tiiey should find difficulty ? Here are serious 
obstacles to be encountered, aside firom any intrinsic difficulty 
in the subject. First, the subject is new, and every thing 
Connected with it strange. Then, at the age at which they 
usually commence the study, they cannot, as they might at 
an earlier period, affi)rd time to stop on each principle as it 
occurs, and revolve it, and view it on all sides, till they be- 
come thoroughly acquainted with it, before looking at anoth- 
er. Principle after principle must be learned in rapid succes- 
sion ; and, if a single principle is passed before it is perfect- 
ly known, the mind instantly becomes confused, a&d the 
study difficult. 

Another obstacle is found in the very smvplidty of the sub- 
ject. The topics first considered are so simple, that young 
men frequentiy cannot be persuaded to dwell upon them, and 
give them thought enough to make them perfectly familiar. 
Thinking it beneatii them to sit ^oym. to learn tiie definition 
of a straight line or an angle, they give but littie attrition to 
the first principles, and wait for something more worthy of 
their study, till they find themselves lost in difficulties result- 
ing from insufficient acquaintance vnth those very principles 
which they deemed so insignificant. 

Now, at the age when we would have this study com- 
menced, there is ample time to make every term and princi- 
ple, as it occurs, perfectiy familiar, and to illustrate and im* 
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press it by all the explanation -which the sabjeet admits. 
The pupil, moieoTer, at this age, will not take ofience at the 
simplicity of the first principles, but will study them the more 
zealously on account of that simplicity, which brings them 
within his reach. 

Another consideration should be regarded in estimating the 
difficulties experienced by more adyanced students. Suppose 
'young men should enter college, unacquainted with the first 
principles of Arithmetic, would they find no difficulty in that 
subject ? Or suppose them utterly ignorant of Orthography, 
and that their college recitations consisted of spelling-lessons 
to be committed to memory, and accurately delivered in the 
recitation-room. Should we hear no Complaints of the diffi- 
culty, the impossibiUty, of learning the lessons? And might 
it not then be argued with equal force, that acquisitions so 
difficult for college students certainly ought not to be requir* 
ed of the youth of an academy, and far less of the children of 
a common school ? 

Geometry will interest the young no less than the more 
mature. The mind delights to be fully employed upon sub- 
jects not beyond its reach. Geometry condescends to the 
powers of the young, while, at the same time, it furnishes 
abundant employment to the mos^ mature. Subjects connect- 
ed with it are among the first tha;t interest the young mind, 
and the interest need not flag, so lon^ as new truths remain 
to be considered ; in other words, till the boundless resources 
of Geometry are exhausted. 

The celebrated and excellent Pascal was in his early youth 
purposely restrained by his father from the Study of Greometry, 
lest he should become so much interested in it as to neglect 
other studies. But the boy could not be prevented from 
casually hearing the conversations of the mathematicians who 
frequented his father's house. He heard and was interested ; 
and, when he was about twelve years old, his father found 
him one day, in his room, alone and busy with a geometrical 
diagram. He had demonstrated, unaided by any book or 
teaxsher, the proposition, that the sum of the angles of a plane 
triangle is equal to two right angles. The father, notwith- 
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standing his pxevious cautioQ, was pleased with the lesujt, 
removed the interdict upon Geometry, gave him a Euclid, and 
encouraged him to study it. 

A mathematician is said to have hired an individual to 
study Geometry, paying him wages, as for any other labor. 
At length, however, he told his pupil, that he could no longer 
bear the expense, and must forego the service. The pupil 
replied, that, if the mathematician would continue to teaoh 
him, he would vnllingly study vdthout pay. This arrange- 
ment was made, and the study was zealously pursued, until 
at last the teacher informed his pupil, that he could no long- 
er afford the time to teach him, but must employ it in earning 
something for his own support. The pupil replied, '* If you 
must earn money, why not earn it as well by teaching me 
Ge<mietry as in any other way? I will most gladly, not on- 
ly study without pay, but pay you liberally for teaching me.'' 
The pupil was interested, and the study had become a source 
of enjoyment to him. 

Such, substajatially, I believe, will always be the result of 
thorough and well directed study of Geometry. One can 
hardly entertain dear and exact ideas of the properties and 
relations of magnitudes without a feeling of delight. And 
not only is the contemplation of the objects themselves, and 
their relations, a. source of pleasure,^ but equally so is the 
consciousness of p^ectly clear and accurate knowledge in re- 
spect to them, — knowledge free from every shadow, of doubt, 
either as to -its truth or its precision. 

Aguin, no study is better adapted than Geometry to disc^ 
pUne the minds of the young* It is within their grasp ; it in- 
terests, excites, tasks, and stores the mind ; — not oidy stores 
it with useful knowledge,Jbut furnishes it vidth vdlvMe habits. 
This, which should be the grand object of intellectual disci- 
pline, — the formation of good mental habits, — is far too lit* 
tie regarded in our schools. The great effort, too often, is 
merely to. communicate what is called practical or rurfid 
knowledge. 

The storing of the mind with facts and principles for future 
use is indeed important, but it is still more important to 
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secoie habits of right mental actiTity ; habits of aocmate per- 
ception, of cautious and exact retiaondngy of love for truth, of 
modest self-reliance, of untiring application, and of profound 
and continued attention. That all these habits are cuJltivated 
by the study of Greometry will not be denied. " Pure math- 
ematics," saith Lord Bacon, *' do remedy and eure many de- 
fects in* the wit and faculties intellectual ; for, if the wit be 
dull, they sharpen it ; if too wandering, they fix it ; if too in- 
herent in the sense, they abstract it." * 

The efiect of such mental habits, or of the want of them, 
win be felt in the studies of the wkok course of education. 
The principles of Arithmetic should be demonstrated as rigoi^ 
ously as the proportions of Greometry. Unless this is done, 
Arithmetic is not learned. How much better this will be 
done by one accustomed to geometrical demonstration, needs 
scarcely a remark. 

It is not out of place to remark here, that, in comparing the 
difficulties of Arithmetic and Geometry, the latter should be 
compared, not with Arithmetic, learned, as it too often is, by 
rote, with reference merely to mechanical practice, but with 
Arithmetic studied as it should be, intelligently and demoo- 
Btratively. Arithmetic, thus studied as a science, will be 
found, in general, not less difficult than Greometry, and wiU, 
in many cases, more severely task the youthful nund. 

The memory, it must be r^nembered, is not the only facul- 
ty to be oultiTated. Yet this is, too often^ the faculty chiefly 
developed in our schools, even in teaching Arithmetic. The 
proper teadiing of Geometry will correct this error. A new 
method of study will be required, other faculties developed, 
and a change of mental habits effected, which will be most 
beneficially felt in all other studies, as well as in the whole 
subsequent life. ^ 

The practical tUiUty of GecNBetzy is too obvious to need 
discussion. 

Some, however, while they acknowledge the practical util- 
ity of Greometry, and its appropriateness and value as a means 
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of i&teUeGtnsl dneipika, will- perhaps object, that the common 
school is not the prober place for it. 

To this I reply, that it is the veiy place, and that, too, fbr 
sereial reasons. Can good habits be formed too early 1 Shall 
we gain any thing by delaying till young men come into the 
higher schools, and the colleges ? till bad habits axe fully 
formed, and tsonfirmed by long practice ? 

Again, multitudes who never enter the halls of a college, 
many who never enjoy the instructions even of an academy, 
whose whole school education is completed in the unpretend- 
ing way-side school-house, need the knowledge of Geometry 
in the business of every day Of their lives. Carpenters, 
vdieehmghts, workers in tin and in the other metals, mill- 
wrights, land-surveyors, measures, engineers, designers, 
navigators, cannot all be expected to have the advantages of 
collegiate or of academic education. Must they theref<»e be 
deprived <^ diis so valuable discipline, and rest satisfied with 
the merely mechanical application of g||^etcical truths^ 
without that knowledge of principles which would ocmtzibute 
80 gveatly to their own ease and satisfaction, and to the 
flecurity of the interests intrusted to them? 

And not only those who will need to apply the results of 
ge<»netrical investigation, but ail who receive their education 
in the common schools, should have the b^iefit of this disci- 
pline. This remark applies as truly to females as to males. 
For their intellectual strength, and consequent influence and 
respectalnlity in sodety, they need this invigorating discipline. 
And we can scarce estimate too highly the advantage in edu- 
cating the next g^aeration, if mothers generally had the bene- 
fit of such training, so as to excite their duldren, by the true 
intellectual stimulus of sympadry, to the same habits of exact 
thinking and reascmiitg. 

Still, it may be said by some (few, however, I hope), that 
it is better not to introduce new studies into the common 
school, but to ccmfine it strictly to its proper sphere* But 
what is its proper si^re ? In very many schools, till widiin 
a few years, the almost exclusive objects of attention were 
Spelling, Reading, Writing, and Arithmetic. English Gram- 
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mar and Geography, ainoe become so oommon, weie, in many 
places, unknown. At the same tone, the knowledge acquir- 
ed, even of Arithmetic, was very limited ; many, espedally 
females, aiming at nothing beyond the four Simple Rules and 
perhaps Reduction. 

Many then feared, and some still fear, that the introduction 
of other studies would occasion the neglect of SpeUing, and, 
in the words of a worthy patron of that system, of ** the three 
R^s, Reading, Riting, and Rethmetic." But what has been 
the fact? At the present time. Geography and English 
Grammar are common studies in all our schools ; Aritimietic 
is universally studied, and, by most, to a far greater extent 
than formerly. At the same time, many new studies have 
been introduced, and among them Algebra, a subject cer- 
tainly not more elementary than Geometry. But do the 
youth of the present day spell less correctly, and read less 
fluently and intelligently, than the youth of our schools thirty 
or fifty years a^? Fax otherwise, we believe. In fact, a 
great part of the time then spent in school was wasted, for 
want of something to awaken interest, — something to do* 
Almost the whole time of the school was occupied in reading 
and spelling, and that in no very intelligent way, as is testi- 
fied by the unnatural, monotonous voice, and the absence of all 
conversational tones, so often observed. Spelling, then, we 
think, — reading, we know, — is better taught now than for- 
merly ; and all the additional studies are clear additional gain. 

Why then stop where we are % Our schools are longer 
than they then were, the children more at leisure to attend 
them. Will it not be still an additional and important gain, 
if we can secure in them the commencement of another 
science of so great utility as G^metiy 1 

It is interesting to observe the progrei^ made in the knowl- 
edge of Geometry, and in its dififui^on through various classes 
<rf the community, during a period of twenty-five hundred 
years. We first hear of it, as an occult and mysterious science, 
among the Egyptian priests. We next find it in Greece, 
among the philosophers and learned men; — cultivated by 
Thales, Pythagoras, Plato, and their schools, and by Euclid, 
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AKshimedes, and ApoUonius. Tkales is said to have brought 
it into Greece, about six hundred years before the Christian 
era ; he is also said, which indicates the state of the science at 
that time, to have himself disoovered that the angle inscribed 
in a semicircle is a right angle, and to have testified his joy by 
a sacriifoe to the ^ Muses ! Pythagoras and Plato also aia 
said to have extended the bdunds of geometrical knowledge ; 
the former, who lived about 650 B. C, being understood to 
have discovered that elegant proposition, which still bears 
his name, respecting the squares described on the sides of a 
right-angled triangle. He also is said to have expressed his 
joy and gratitude to the gods, by the sacrifice of a hundred 
oxen. Whatever may have been the fiiets in regard to these 
discoveries and sacrifices, the manner of their mention suffi- 
ciently indicates the limited extent of the science at that time, 
even among the greatest philosophers. Eudid, who lived 
about SS8& B. C, has left us more abundant evidence of the 
state of the science in his time, in his '* Elemrats of Geome 
try," a work which held its ground as the principal, almost 
die only, text-book on the subject for more than tsB^o thousand 
years ; until his name became a synonyme for the science, and 
men spoke of studying, not (reometry, but Euclid. LatOT 
still, Archimedes and ApoUonius distinguished themselves in 
the higher departments of mathematical science ; ApoUonius, 
particularly, by a inost valuable treatise on the Conic Sections. 
Ardiimedes, '' the most profound and inventive genius of an- 
tiquity,'^ is celebrated, not only for his mathematical science, 
but for his mechanical skiU, by which he defended Syracuse, 
for a considerable time, against tiie utmost exertions of a 
Roman army, and for the boast, that, if he had a place on 
which to fix his lever, he would move the world.* 

Now, during aU this time, and for many centuries after, 
the knowledge of Greometry was confined to the philosophers, 
*^to the few. Out of the schools of philosophy, among the 
mass of the community, such science was utterly unknown. 
The universal difiusion of knowledge, as of aU other blesangs, 

* A^r irov 0T», Koi rhv Kda-fiop Kun^a-^, 
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is the suggestion of Christiaiiity. The properties of theeir- 
cle and the triangle, at whose discoTery Thales and Pythag- 
oras are said to have been so elated, are now known to the 
tyro. Pascal, at the age of sixteen, composed a treatise on 
the Conic Sections, in which he gave, in a single proposition 
and four hundred corollaries, all that had come down from 
Apollonius, " the Great Geometer '* of antiquity. And 
what one boy of sixteen may write, another boy of sixteen 
may learn. We believe that Greometry, instead of being 
confined, as formerly, to philosophers, or, as more recently, 
to an educated class, will, at a day not far distant, be intro- 
duced into the common schools all over our country, and 
brought within the reach of every boy and girl in the com- 
munity. 

This is the proper sphere of the common school ; not to 
conununicate a fixed amount of knowledge, the same to out 
children as to our fathers, but to communicate continnally 
additional knovdedge, and to produce higher and higher de- 
grees of intelligence ; — when men of science extend the 
bounds of knowledge, to diffuse that knowledge, till the 
world enjoys its benefits^ This universal and progressive 
diffusion of knowledge constitutes the proper sphere of the cmn- 
mon school. 

But if Geometry is to be studied in our common schools, 
in what shape shall it be presented 1 What principles should 
direct in the preparation of a text-book for this purpose ? 

1. The definitions should be perfectly dear and exact, A 
definition should equally avoid excess and defect. It should 
express neither too much nor too little. It should be so fijdl 
as perfectly to identify the object defined, but should not in- 
clude properties the possibility of whose combination is yet 
to be proved. 

Thus, Legendre's definition of the circumfbr^ice of a cir- 
cle as ''a curved line, all the points of which are equally 
distant from an interior point, called the centre," * does not 

^ " La circonference du cercle est une ligne courbe, dont tous les points 
Bont 6galeineat distants d*un point int^rieur qu'on appelle centre. 
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identify the dreumfereiioe of a oiicles but is equally ap- 
plicd)Ie to any line whatever drawu upon the surface of a 
sphere. It should be defined, *' a curved line in a plane^ all 
the points, &c." 

Againj when, before any demonstration of the proper- 
ties of quadrilaterals, the square is defined as *^a quad- 
rilateral, which has all its sides equal, and all its angles 
right angles " ; the rectangle, as one '* which has its op- 
posite sides equal, and its angles right angles " ; the paral- 
lelogram, as one '* which has its opposite sides and angles 
equal," or '' its opposite sides equal and parallel," — these 
axe examples of excess in definition. How do we yet know 
that a quadrilateral can have, at the same time, its opposite 
sides equal and parallel, or its opposite sides and angles equals 
or its opposite sides equal and its angles right angles, or all 
its sides equal, and its angles right? 

Clearness and simplicity in the definitions are promoted by 
a natural iMrder of succession. Of the quadrilaterals, for ex- 
ample, the square is, in many of the books, defined before 
the rectangle, and the rectangle before the parallelogram, 
that is, the species before its genus. Whereas the true order 
of science requires us to proceed from the more to the leas 
general, adding, at each step, only the necessary limitations 
or specifications. - 

An object should be d^ned by means of that distinguish- 
ing property ^ from whieh its other properties may be most easi- 
ly and satisfactorily deduced. The fact that parallels never 
meet seems to be less their distinguishing property, than a 
consequence of some other property. This property fur- 
nii^ies no convenient means of drawing paraUels, nor any 
practical test of parallelism. It is much more satisfactory 
and convenient to define them as having the same direction, 

3. The propositions should be enunoiaied with the utmost 
precision, A de£ect in this respect sometimes amounts to a 
gross err(»r. Thus, in some of the books, we find this prop- 
— ■■ - - ■ .. ■ t ■ ■■ 

" Le cwde est Tespacv tttrmln^ parcctte lignecoarbs." — ^iimentsde Qiih 
mifrie, U"* Ed., p. 33. 
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odtioB. *' S£ the product of two quantities be equal to the 
product of two other quantitiea, two of them " (any twt>, of 
course) << may be made the extremes, and the other two the 
means, of a proportion " ; e. g. 4 X 8 => 3 x 16 ; theo, 
making 4 and S the extiemes, we have 4 : 8 ss 16 : d ; or, 
as the product of the extremes is equal to that of the means, 
4 X 3 =s 8 X 16, or 8 » 128. It should be, the two factors 
of one prodiLct may be made the extremes, &c. Nor is this 
a mere captious objection. I have repeatedly known students 
to make the mistike, and find it out only by trying to Teriiy 
the result. 

Again, a good enunciation distinguishes, and marks the 
distinction with great care, between hypothesis and conehir 
sion, 

3. The most rigorous exactness of demonstration must be 
preserved. We want no tentative or experimental methods 
of proof. Empiricism is as bad in mathematics as in medi- 
cine. We want no practical results to be learned by rote, 
without proof. We must have proof, -^ infallible proof, — » 
demonstration. The reasoning may be simplified, and re- 
duced to the comprehension of the young, by multipljring 
and shortening the i|teps, if need be ; but still it must he 
demonstration* 

4. The memory is aided, fresh interest awakened, and the 
whole mind invigorated, by the generaHzation of geometrical 
truths; a process which omneots under one enunciation 
several apparently distinct propositions, and shows them to 
be only particular applications of a more general principle, — < 
specific forms of a generic truth. 

6. A book designed for elementary schools should abound 
in mimUe 4md familiar illustration^ both of terms and principles. 
The definitions and propositions should be expressed as con- 
cisely as possible, so that they may be easily remembered, 
and conveniently quoted. But the terms used should be ex- 
plained with great care, and such remarks added as will 
connect and show the relation between the rigorous expres- 
sions of Geometry, and the looser language of otrdinary eon- 
versation. 
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The practical ap{dication of principles ahonld be set forth, 
not 1» strengfthen the proof of a proposition, — for the infalli- 
ble nature of demonstration, and the impossibiHty of increas- 
ing its certainty by additional evidence shonld be constantly 
insisted on, — but rather to illostrate the meaning of the ah> 
stract principle, to show how readily it applies itself to prac- 
tical results, and connects itself with common things, and so, 
at the same time, to aid, to interest, and to benefit the pupil. 

It may be thought, that the teacher should supply the 
necessary illustrations. He should, indeed, so fur as his 
time permits ; but yet, for yarious reasons, besides the want 
of time, the burden should not be wholly thrown upon him. 

In the first place, many will be called upon to teach Geom- 
etry who are not particularly interested in it; some, per- 
haps, who are not very familiar with it ; and some, possibly, 
like a teacher J once knew, who thought that *' Euclid and 
English Grammar could be learned only by committing them 
to memory." To such teachers, illustrations, unless sug- 
gested by the book, will not be likely to occur. 

Another difficulty will be experienced by the most accom-, 
pli^ed teachers. Explanations, if first suggested during the 
recitation, will not generally be appreciated or remembered. 
The pupil should siudi/ them ioith his lesson ; he should re- 
flect upon them, and see for himself their connection with 
the subject. He will then be prepared to appreciate any ad- 
ditional remarks from his teacher, and to ask intelligent ques- 
tionif of his own. The more abundantly illustrations are 
furnished by the book, the more readily will additional illus- 
trations occur to both teacher and pupils. 

It may not be out of place here to remark, that a difilculty, 
of fiur greater magnitude, indeed, but of the same nature, is 
occasioned by/auZ/y and inelegant defiTutions and^oposUions, 
If the fault be pointed out before the lesson have been learn- 
ed, the subject is strange, and the correction not understood 
or remembered ; if afterwards, the faulty expressions will 
then have been fixed in the mind, and cannot easily be eradi- 
cated. 

^^ But after all this simplification, illustration, and improTc- 

c 
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ment of the form and airaqgement of the definitionB and prop- 
ositions, * there is no royal road to Geometry.' " True, 
the subject cannot be mastered witiiout labor, but that labor 
may be intelligent and well directed. The height must be 
scaled, but it need not be approached on its most precipitous 
side. The road must pass oyer the loftiest summit, but, by 
beginning early, the ascent may be gradual and easy. 

S. C. 

nartmouth CottegB, Jao. 82| 1847. 



SUGGESTIONS 



IN REGABD TO THE STUDY OF THE FOLLOWING WOEK. 



1. In preparing this work, great pains have been 
taken to make the questions such that the student may 
be able to answer them all for himself. If, therefore, 
he finds in a question any words which he does not 
fully understand, let him ask his teacher their mean- 
ing ; but, beyond this, let him not ask any asEostance 
either from his teacher or from any one else. ^^ What 
man has done^ man may do^ Let him feel, that one 
of the great objects of studying Geometry is to lead 
him to thinkj and discovery and know for himself. 
And let him leave no question, till he is able to answer 
it, both knowing thai he is right^^and knowing why he 
is right. Geometry is no subject for guess or uncer- 
tainty. 

2. Let the student learn the definitions, axioms, 
and theorems, notonly so as <o understand them per^ 
fectly^ but so, also, as. to be able to repeat them in 
their precise words, 

3. Let the pupil, when called up for recitation, leave 
his book at his desk ; or, if, for any reason, his teach- 
er wishes him to bring it, let him never open it during 
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the recitation, except by the express direction of his 
teachen 

4. In reciting the demonstrations, let the pupil never 
wait for the teacher to ask him questions. Let him go 
to the blackboard, and draw the diagram, placing upon 
it different Utters from those given in the hook^ and 
sometimes using the figures 1, 2, 3, &;c., instead of 
letters. Then let him state distinctly what is given, 
and tohat is required. Let him then, without any 
delay or hesitation, show, in his own language^ how he 
obtains the result, proving every step by referring to 
definitions, axioms, or previous theorems, and repeat- 
ing these whenever desired. Let him first state this 
result using the letters of the diagram, and afterwards 
generally in the words of the theorem. After this, 
let the teacher ask such questions, or make such re* 
marks,, as may serve to test or extend the pupiPs 
knowledge, or increase his interest in the subject 
The pupil should be encouraged to find out, wherever 
he can, difi^rent modes of demonstration. Some of 
these are already pointed out, more or less minutely, 
in the book itself. It is of great importance that the 
student should early feel that every path of right rea- 
soning leads to the same result. 

5. It is often useful, during recitation, to direct the 
pupil to write upon the blackboard the successive steps 
of a demonstration, in the same manner as he would 
the solution of a question in Arithmetic or Algebra. 
At other times he may be directed to bring the demon- 
stration from his desk, written out upon a slate or piece 
of paper. In this exercise, as in oral recitation, the in- 
terrogative form which is employed .in the book must, 
of course, be changed into the corresponding positive 
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fonn. For example, the demosstmtum in § 33 would 
be thus written : 

AEC + AED = 2 L. 
And DEB + AED » 2 L. 

AEC + AED = DEB + AED. 
AEC = DEB. 

6. It is perhaps needless to remark, that many of the 
questional are designed to lead the mind of the student 
to the perception of geometrical truth, rather than to 
be repeated by the teacher at recitation. 

7. Many truths in Geometry are usefully illustrated, 
especially to the young, by cutting out the figures in 
paper, and applying them to each other. Let the stu- 
dent, wherever he can, do this for himself. 

6. The Problems are placed, for convenience, in 
separate parts of the wqrk ; but may be taken up, if 
the teacher thinks it best, in connection with the theo- 
rems upon which they are founded. The pupil should 
carefully perform them upon paper at his desk, and 
also recite them at the board with their proofs. 

9. If a blackboard cannot conveniently be used in 
recitation, let the pupil recite from the diagrams at the 
end of the book, where, it will be observed, the letters 
are somewhat changed. Let him NEVER recite from 
the diagram upon the same page with the text A 
convenient chart for recitation may be made by cutting 
out the pages of diagrams and pasting them upon a 
sheet of pasteboard. 

10. Finally, let no one who studies these Lessons 
despise that which seems to him simple ; it is a neces- 
sary preparation for something higher. Nor let him 
be discouraged by any thing that may at first appear 
diflScult. Great ffains have been taken to adapt every 
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to his powers ; let him think what others h«ve 
accomplished, and take as his motto, ** What ma2X has 
DONE, MAN MAY DO.^' I wish that every leaf of this 
hook had upon it the same stamp with the paper upon 
which I am writing these suggestions. It is a hand 
pointing upward to a scroll, upon which are inscrib- 
ed only three letters, hut those full of meaning, — 
a TRY." 



LESSONS IN GEOMETRY. 



PART FIRST. 



I. A. 

Fif. I. 
3, inclies. 
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a.) Take this block of wood (represented above), 
and tell me if it has any length. How long is it ? 

Has it any breadth^ or toidth 7 How broad, or wide, 
is it ? 

Has it any thickness^ or height 7 How thick, or 
high, is it ? 

Length, bbeadtst, and thickness (or height) are 
called DIMENSIONS. — How many dimensions has the 
block ? What are they ? 

Can you find a block of wood which has not length, 
breadth, and thickness ? Can yon find a piece of any 
other matter which has not ? 

How many dimensions, then, has every block, or 
piece of matter ? 

b.) Has this room any length ? any width ? any 
h^ght ? How many dimensions then has it ? 

What is this room ? Answer. A portion ofspace^ 
inclosed within the sides, ceiling, and floor. 

Has the space in that box any length ? any breadth ? 
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any height (or deplh^ which is the same dimension, 
measured down) ? 

How many dimensions has the space in a drawer ? 
in a cellar ? Can you find or think of any portion of 
space which has not these three dimensions ? 

c.) That which has lenoth, breadth, and thick- 
ness is called a solid. — In Geometry, whatever hc» 
* the three dimensions of length, breadth (or width), and 
thickness (or height), is called a solid, whether it be 
hard or soft, whether matter or mere space. 

Is this block a solid ? this book ? Can you find any 
piece of matter which is not a solid ? 

According to the definition, is this room a solid } 
the space in a box or drawer ? every portion of space ? 
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d. ) How many faces or surfaces has this block ? 
Which is the upper surface ? which, the under? Which 
are the largest surfaces ? which, the smallest ? 

Take the upper surface (which is marked above by 
the letters A, B, C, D at the comers), and tell me if it 
has any length. How long is it ? 

Has it any breadth ? How broad is it ? 

Has it any thickness } Is the surface all upon the 
outside 7 Does it then go down into the wood at all ? 
Can it then have any thickness ? 

How many dimensions then has it ? Which dimen* 
sion does it want ? 

How long is the surface marked by the'letters C, D, 
£, F at the comers ? how broad ? how thick ? 
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How long is the surface marked AD£G ? how 
hroad ? how thick ? 

Can any sarface, as it is nothing but aaUide^ have 
any thickness ? 

How many dimen»ons then has a surface I What 
are they ? Which does it want ? 

If you define a solid, as above (c)) that which has^ 
dsc. ; how would you define a surface ? Ans. T%at 

which has and , withoid (in answering, 

fill up the blanks with the proper words). 

e.) How many edges has the upper surface of the 
block (represented above by ABCD), or, in other 
words, how many lines are there round it? Point 
them out, and likewise name them by the letters at the 
comers, as the line AB, the line BC, &c. 

Has the edge, or boundary-line AB, any length ? 
How long is it ? 

Has it any breadth, or width ? Does it all lie at the 
very outside of the surface ? Can it then come into 
the surface at all ? Can it then have any breadth ? 

As it is merely the boundary-line of a surface^ can 
it have any thickness ? 

How many dimensicms then has it ? which ? Which 
dimensions does it want ? 

Has the line AD any length ? any breadth ? any 
thickness ? 

How long is the line BC ? how broad ? how thick ? 

Can any boundary-line of a surface have any breadth 
or thickness ? — The only lines spoken of in Geometry 
are boundary-lines of surfaces, since a division-line is 
only a boundary-line between two surfaces. 

What dimension then has a line ? What dimensions 
does it want? 

LESS. SBOM. 3 
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If you define a solid, thai toMch haSy 6tc* (c) ; and 
a SURFACE, that which has^ &c. (d) ; how would you 

define a linb ? AifS. 'HuU which has , without 

or . 

f.) How many ends, or end-points, has the line 
AB ? — These may be called, from the letters near 
them, the point A, and the point B. 

As the point A is merely the end of a line^ can it 
have any breadth ? any thickness ? 

Has it any length ? As it is only the end of the line, 
does it extend into the line at all ? Can it then have 
any length ? 

Has it then any dimension ? 

What property then has it ? Ans. Nothing but po« 
sitioriy that is, a place at the end of the line. 

Has the point B any length, breadth, or thickness ? 

Can the end-point of any line have any dimension ? 
— The only points spoken of in Geometry are the 
end-points of lines, since a division-point is only the 
common end-point of two lines. 

What IS then the only property which a point has ? 
What are the three dimensions which it wants ? 

How then would you define a point ? Ans. That 
which has , htU neither , ^ nor — . 

I. B. 

§ 1. Gbometrt" is the science^ of extension" 
and direction**. 

(a) From the Greek TtvMtTft*, compounded of yn^ kmd, and /t»''e^'»t ^ 
measure. The science was so called from its earljr apfriication to the mea*- 
tiring of land, especially among the Egyptians, to whom it was peculiarly 
important as a means of ascertaining their boundaries afttf the inundatioM 
of the Nile. See Herodotus, li. 109. (b) From the Latin scientia, knotol- 
edge, (c) Lat. eztenaio, from eztendo, to etretch out. (d) L. diractio, from 
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Rbmaru. a. Geometry, as a scxence, tot definet^ the 
objects of which it treats ; and states or implies certain self-' 
evident truths in respect to them. These truths are termed 
AXIOMS^ and are the primary laws of the reasoning which it 
employs. From these definitions and axiomis, it then, by a 
method of strict proof, or demonstration!^, deduces theorems*^, 
that is, general truths or laws established ly proof. It lastly 
shows the application of its truths to the solution or ferfomir 

once of PROBLEMS*. 

h. The MiriMiTiONS, axioms, and theorems constitute 
the theoretical part of the science ; and the problems, the 
poetical. The theoTems and problems, from the usual 
method of presenting them, have been classed together under 
the general head of propositions^ ; the theorem proposing 
something to be proved, and the problem, something to be 
performed, A lemma* is a theorem introductory to another 
theorem, or to a problem. A oorollary"' is an inference 
from that which precedes. A scholium" is an accompanying 
remark. 

c. In every proposition, it is essential to distinguish accu- 
rately between that which is given, and that which is required. 
Things given are called data" ; and the data of a propo-- 
sition are termed its htpothesisp. A supposition not in- 
cluded in the data is termed an assumption^. 

d. Extension and direction are simple ideas, and are 
implied in every conception of spac^, or of bodies occupying 
space. They are first suggested to the mind by material ob- 
jects, and these objects afterwards assist the mind in ^e 

dirlgo, to direct, (e) Lat. definio, to limU. (f) Gr. »%i»t*mf fiom a^ioo, to 
deem worthy ^ ouppoaef take/or granted, (g) L. demonstratjo, from demon* 
8tro, to point out, prove, (h) 6r. 6nfifnfi», irom 6iwf*w, to view, contem- 
plate. (I) Gr. srp6Cxii^», from 5rpoe»xA.«, to throw or lay b^ore. (k) L. 
proposltio, from propSno, to place b^/bre, to propoae. (1) Gr. i<nf*M», pre- 
miae, firom A.«ftC»votf, to take, (m) L. corollarium, something given over and 
abovef from corolla, a wretUh, a common present or mark of honor, (n) Gr. 
rx&xiov, comment, fcom «rxo\ft, leisure^ in a special sense, leisure devoted to 
learnings eehool. (o) L., from do, to give, (p) Gr. v^rh^xr^itfoundationy 
from ujroTiS^pi, to plaee beneath, lay down, (q) L. assumption from assfl- 
mo, to assume, (r) L. spatlum. 
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{nrestigation of their laws ; tftill il must he kept distiiietly in 
▼iew, that ^ey are alike the properties of space, whether 
occupied or unoccupied by matter ; and that they belong to 
matter simply from its occupyii^ space. 

«. Extension and direction become objects of science as 
admitting comparison and measurement, or, in other words, 
as possessing dimension*. The general term magnititde^ is 
applied to whatever can be measured. Hence there are two 
kinds of magnitudes treated of in Geometry, those which 
may be referred to extension, and those vrhk^ may be re- 
ferred to direction ; and we may use the term alike, whether 
treating of pure space, or of bodies occupying space. 

f. In geometrical statement and reasoning, it is conTenient 
to employ figures addressed to the eye, termed diagrams*, 
and to designate the magnitudes of which we are speaking 
by letters or other marks placed upon these diagrams. But 
it must be distinctiy understood, that, in the language em- 
ployed, we are not speaking of the diagrams themselves, but 
universally of all such magnitudes, whether material or of 
pure space, as agree with the data ; and that the diagrams 
toe merely employed to represent these magnitudes to the 
eye, and to furnish a conyenient language for speaking of 
them. The reasoning of Greometry is not inductive, from 
particulars to generals ; but deductive or demonstrative, from 
generals to other generals ; and it were as reasonable to sup- 
pose that the geographer, in his descriptions, is speaking of 
his maps, or the biographer, in his narratiTe, of the portrait 
piefixed to his vokme, as that the geometer, in his reason- 
mgs, is tieayng^of his diagrams. 

§ 2« ExTENsion has three dimensions; length^ 

BREADTH, and THICKNESS. 

Remarks, a. By orte measurement, we obtadn length ; 
by a second, across the first, breadth (or width) ; by a 
third, through the other two (as up or down, if the other two 

(s) Lat. dimensio, from dimetior, to measure, (t) L. magnitddo, from 
magnuB, greats large, (u) Gr. Stiypxf*ftx, drawings from Sixypx^u, to 
draw outf delineate. 
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are hoiizontal), thickness (or heioht). From the Tery 
nature of space, no fourth dimension is possible. 

b. In measurement, the first dimension obtained or con- 
templated is termed length ; the second^ breadth ; and the 
third, thickness. Where there are two or three dimensions, 
it is evident that the order of measurement, and consequently 
the application of the terms, may be varied. 

§ 3. The MAGNITUDES OF EXTENSION OTO of 

three kinds, according to the number of their di« 
mentions ; solids^, which have three dimensions ; 
SURFACES*, which have two ; and lines*, which 
have only one. 

RiMARxs. a. All portions of space, and all bodies occu- 
pying space, have, of necessity, length, breadth, and thick- 
ness, and are consequently solids. Surfaces are the mere 
outsides of solids ; and ciHisequently, while they have length 
and breadth, can have no thickness. Giye to a surface any 
thickness, and it is no longer the mere outside of a solid, but 
itself a solid. Lines are the mere limits or edges of surfaces ; 
and consequently can have only length, -without breadth or 
thickness. Give to a line breadth, and it is no longer the 
mere limit of a sur&oe, but itself a surface. 

b,- The extremities of lines are termed points^. These have 
position, but can have no dimension. Give to a point length, 
and it is no longer the mere end of a line, but itself a line. 

€. Thus solids arebounded by^ surfaces ; surfaces, by lines; 
and lines, by points. Even a surfisce dividing a solid is only 
the common boundary of two solids ; a line dividing a sur^ 
fbce, of two surfaces ; and a point dividing a line, of two 
lines. Surfaces, Hnes, and points exist as really as solids. 
But they exist only in solids, as properties of those solids. 
Still there is nothing to forbid our conceiving and speaking 

(y) Lat. solldus. (w) Frenchi from sur, i^on, and ftce, face, that whfch 
Is upon the face or outside ; so, in Lat., superficies, from super and facies. 
(z) L. liBML <y) Fr. point, Old Fr. poinct, from Lat. punctum. 

D 
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o 

/ V 



of them abstracUy. The 
solid AF, represented ia 
the margin, is bounded by 
the six surfaces AC, C£, 
EH, HA, AE, and BF. 
The surface AC is bound- 
ed by the four lines AB, 
BC, CD, and DA. The 
line AB is bounded by the 
two points A and B. " 

d. From the idea of extension axises that o{ distance; 
and by combining distance and direction, we obtain that of 
position*. The ideas of extension, and of direction or posi^ 
tion, produce that of form^. Change of position constitutes 
motion'; which, if not an essential idea in Geometry, is of 
great importance as an auxihary. Thus, each of the magni- 
tudes of extension may be regarded as produced by the mo- 
ti<m of its limit ; a line, by the motion of a point ; a sur&ce, 
by the motion of a line ; and a s(^d, by the motion of a 
surface. 



11. A. 



■B 



-C 



a.) Draw, between the points A and B, a line of 
which the direction shall be everywhere the same ; 
that is, so that, if any number of points, as C, D, E, 
be taken in the line, the direction from A to C shall be 
the same with that from A to B ; the direction from C 
to D, the same ; and in like manner that from D to E, 
from E to B, from A to D, from C to E, &c.; or, 
reckoning from B, so that the direction from B to E, 
from E to D, from D to C, from C to A, from B to D, 
&c., shall be the same with that from B to A. 



(z> Iiat. distantiaj from diato, to stand apart from, (a) L. positio, from 
pono, to plttce, (b) L. forma. (c> L. motio, from moree, to move. 
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A line^ ofvMch the direction is everywhere the $ame^ 
is called a straight line. — Is AC a straight line ? 
Is AD a straight line ? DB ? CB ? 

Can a straight line have any bend or crook in it ? 

b.) Draw, from A to B, the straight line ACB. 
Draw, below it, a second line AEFB, bent at E and 
F, but straight from A to E, n. 

from E to F, and from F to B. 
How many bends has the line ? 
Of how many straight lines is it 
composed ? Have these straight 
lines the same direction ? How 
many times does the direction 
change ? 

A bent line composed of straight lines is called a 
BBOKEN LINE. — What kind of a line is AE ? EF ? 
AEF? FB? EKBv? ACB.^ AEFB? 

Draw a broken line with 3 bends ; with 5 ; with 7. 
Of how many straight lines is each composed ? 

How many times does the direction change in a 
broken line composed of 4 straight lines ? of 5 ? of 7 ? 
of 12? 

c.) Draw from A to B, in the figure above, a line, 
as ADB, bent at every point. Is any part of the Cbo 
straight ? Does it change its direction at every point ? 
— A line of which no part is straight ia called a 

CURVED LINE, Or a CURVE. 

Draw, from A to B, another curve outside of ADB ; 
and another still outside of this. 

If these lines are all curves, do they bend at every 
point ? Do they all bend alike ? H&ve they th^ same, 
or different forms ? 

Can curves differ in form ? Can broken lines ? Can 
straight lines? 
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d.) In the surface AC of the block AF,* do you 

see any bend ? If it has 
no bend, is the direction 
of the surface everywhere 
the same P — A mirfaee 
of which the direction is 
everywhere the same is 
called a plane sxtrface, 

or a PLANE. — Does AC appear to be a plane ? DF ? 
AE ? 
Is every perfectly flat surface a plane ? 

e.) Is the direction of the surface AC, above, the 
same with that of DF ? Taken together, do they make 
a plane or a bent surface ? In a perfectly round bail 
or marble, is any part plime ? 

A bent surface composed of planes is called a bhokss 
SURFACE ; one of which no part is plane, a citrved 
SURFACE. — What kind of a surface has a globe ? the 
roof of a house ? 

Mention bodies which hare plsme snr&ces ; broken 
surfaces ; curved surfaces. 

Take a piece of paper, and hold it so as to represent 
a plane surface. Bend it so as to represent a curved 
flurface. Bend it so as to represent a broken surface. 



n. B. 

§ 4. Direction belongs to poiniSy lines^ tod 
surfaces. The direction of lines is termed lin- 
ear'*; pi surfaces^ superficial*. 

^ Surfaces and solids are often named by slmi^ taking two letters at 
opposiu points, 
(d) Lat. lineSris. (e) L. superficiSIlv. See Note w, page 37. 
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Remarks. «> Wh^ the direction of a solid is spoken of, 
the direction of some point, line, or surface in the soUd is 
properly meant, 

b. Points can have direction only with reference to other 
points ; and) in measuring this direction, lines are supposed 
to be drawn. Hence, the direction of points may be practi- 
cally referred to linear direction. 

c. The important distinction between superficial and linear 
direction must be kept care^ly in view. Thus, a surface 
may lie in a horizontal direction ; and then *any line drawn 
in the surface will be horizontal. But this line may be drawn 
east, west, north, south, or to any other point of the com- 
pass ; so that a line both partakes ef the direction fsf the sur- 
face in which it lies, and has also its own particular direction 
in that surface. 

d. In a line or surface, we n)ay consider either the direc- 
tion of the parts in reference to each other (^ 5) , or the di- 
rection of the whole in reference to another line or surfacis 

§ 5. A LINE is termed straight, and a sur- 
face, PLANE^, if tht. direction is everywhere the 
same ; but otherwise^ bent. A bent line, or 
SURFACE, is termed broken, if composed of 
straight lines ^ or plane surfaces ; but curved*^, 
if no part of the line is straight, or of the surface 
plane. 

Thus ACB represents a straight 
line ; AEFB, a broken line ; and 
ADB, a curved line, or, as it is 
commonly termed, a curve. The 
surfaces represented in the figure in 
^ 3. c are plane surfaces, or, as they 
are commonly termed, planes. 




(O Lat. plaaoa, Jlal, even, (g) L. cur^ua, crooked, bowed. 



* 
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RsMAnss. a, A bent itne or mntfaee m tamed ttmvea^ 
towazdB the side vhioli tkb middk appraadies, and eanam^ 
towards that from which it recedes. Thus ADB is ooBvez 
aboTe, and ooncsve bebw, and A£FB the reverse. These 
terms aie applied cbkAj to eorred lines aad surfiuses. 

b» Into how many soever amaller lines a stndght line is 
divided, or of how many soever it is composed, or how ftr 
soeyer it is extended either way, still if the dkection is no- 
where changed it is considered as throughout one and ike 
same straight line. A similar remark Biay be made of the 
plane. 

c. A straight line, or plane, is said to be produeed^y when 
it is extended in tiie same dJzeetion. To join tvDo points is 
to draw a straight line firom one to the otiier. The exin'es- 
sion, io join AB (or, to draw AB), means, to diaw the 
straight line AB joining the two points A and B. 

d. A PLANE FiomtE is one every part of which lies in the 
same plane. It is recHHneaf*, if all its Imes are straight ; 
curvilinear, if any of them are curved. Plane Geohetrt 
is that portion of the science which treats of plane figures. 
It is either Rectilinear or Curvilinear, according to the 
lines introduced. In the earlira: part of Geometry, it is 
understood that all the figures introduced are plane figures, 
unless the contrary is expressly stated. The simple term 
line is also understood to denote a straight line, unless the 
connection obviously requires a different sense. 

e. Lines, surfaces, and figures, in which curves are joined 
with straight lines, or curved sur&ces with planes, are 
sometimes termed mixt^. 

f. In the definitions of a straight line and plane, the dis- 
tinction between superficial and linear direction must be kept 
in view (^ 4. c). Thus, in a planjb (regarded as Ijring hori- 
zontally), it is simply required, that no part rise above or 
sink below a uniform direction ; while in a straight line 

(h) lat. convexus, arching out, (i) L. Goncftvus, hollow. (k> L. pto- 
daco, to draw out, prolong, (I) L. rectus, right, ttraight, aad Ikiea, lint, 
(m) L. mixtus, mingled. 
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ill tltfit plane, it Is zeciiiifed, ^t no fHxt «itlier rise 
ab&vef or sink ieiow, or bend sideways fromi a uniform di- 

g. It vs beyond the power of human art to make either « 
perfect straight line, or a perfect plane. But Geometry ad- 
mits no imperfection ; and aJl the objects of which it treats 
must be conceiyed of by the mind as absoiuteh/ perfect ^ al- 
though they cannot be so represented to the eye. 



ffl. A. 



-B 



C D E 

a.) In the straight line AB, if you reckon from A, 
ia the direction everywhere that from A to B ? If you 
reckon from B, what is it ? 

So far as the line itself is concerned, does it make 
-any difference which "way you reckon ? 

Does it make any difference in the road ifoe^ which 
way a trareller is going ? May it make some differ- 
ence to him 7 How many ways can a trayeller go 
upon the same road ? 

How many ways may the direction of any straight 
line be reckoned ? 

b.) Now try to draw a second straight line from A 
to B. If the line is straight, what must its directioa 
eveiywhere be ? 

But what was the direction of the first line, reckon- 
ing from A ? 

Can the second then anywhere leaye the track of 
the first ? Can it make, then, a distinct, or sepajate, 
line, or must it be the same with the first ? 
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Try to draw a second stnught line from B to A. 
What must its direction everywhere be ? 

But what was the direction of the first line, reckoning 
from B? Can the second then anywhere leave the 
track of the first ? Can it then make a distinct line, 
or must it be the same with the first ? 

How many distinct straight lines then can be drawn 
from A to B or from B to A, or, in other words, can 
lie between A and B ? 

How many can lie between A and D ? between C 
and £ ? between any two points ? 

c.) If a straight line be drawn from F towards G, 
and one at the same time from 
G towards F, will they meet, if ^ ^[ ® 

drawn far enough ? 

If they should not meet, but should pass by each 
other, how many distinct straight lines should we then 
have between F and G ? Would this be possible ? 

If they meet at H, will they form one straight line ? 

Let KL and LM be straight 
lines having the same direction ^"T ^ ^ 

and meeting at L, what do they 
form ? 

d.) Through the point A, draw the straight line 
BC. Now try to draw through A 
a second straight line having the ^ a 
same direction with BC. 

Whether you draw this line towards C or towards B, 
can it anywhere leave the track of the first ? Can it 
then make a distinct line ? 

Then, how many distinct straight lines having the 
same direction can pass through the point A ? through 
any one point ? 
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e.) If, in a straight line, you know tbe position of 
one point, A, do you know the du 
rectian of the line ? How many 
straight lines can you draw through 
the point A ? through any one 
point ? 

But, if you also know the posi- 
tion of a second point, B, do you then know the 
direction of the line ? 

What must he the direction of a line of which A 
and B are two points ? 

Do you also know the position of the line (that is, 
its place, without regard to its length) ? 

How many distinct straight lines can each pass 
through both A and B ? 

.f.) If two straight lin^s, CB and AD, have the two 
points A ai^ B common (Uiat is, 

l3ang in each of the lines), can ^ J ^ — ^^ 

CB and AD be distinct straight 

lines, or must they form one and the same straight 

Une ? Why ? 

If two straight lines, CB and AD, have a part AB 
commcNi, are they distinct straight lines, or one and 
the same ? 

How many points can two ^tinot stacaight lines 
have in common ? 

In how many points can two straight lines ifOerseal 
(that is, cut, or cross, each other) ? 

If two straight lines meet at any point, can they 
meet at any other point ? 

Can two straight lines then surround, or inclose, a 
figure ? 
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[§6. 
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A 


B 




A— 






-B 



g.) Produce AB to C (§ 5. e). 
What kind of a line is ABC? 
Produce BA to D. What kind of 
a line is DAB? DABC ? 

Join AB (§ 5: c). What kmd 
of a line is AB ? 

h.) In a plane, as ABCD, take any two points. Is 
the direction of the plane 
everywhere the same be- 
tween these two points ? 

Join the two points by 
a straight line. Is the di- 
rection of this line every- 
where the same ? 

Can it then anywhere rise above or sink below the 
plane ? Must it lie wholly in the plane ? 

If, upon a perfect plane, you lay a line which is 
perfectly straight, will it touch the plane throughout, 
or not ? 



\. \ 


\ '\ 



£ 



m. B. 

§ 6. It is evident from the definition of a straight 
line, (a) that two distinct straight lines cannot lie 
between the same two points (that is, extend from 
one point to the other) ; (6) that two distinct 
straight lines having the same direction cannot pass 
through the same point ; (c) that, if two straight 
lines have two points (or, in other words, any 
part) common^ they must form one and the same 
straight line ; and, therefore, (d) that any two 
points in a straight line determine its direction and 
position ; (e) that two straight lines can intersect 
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or meet in only one point ; and, consequently, (/) 
that two straight lines cannot inclose a figure. It 
is also evident from the definitions of a straight lise 
and of a plane, (g) that, if any two points are taken 
in a plane^ the straight line joining them must lie 
wholly in the plane. 

Rema-res. i. The mode of testing a plane, by applying 
to it a straight edge in various directions, is explained by g 
above. 

2. The direction of a straight line i» twofold in its nature. 
Thus the direction of AB is the direction 

from A to B, or, reversely, the direction , Jl B 

from B to A. So far as the single line 
itself is concerned, it makes no difference which way its 
direction is reckoned, whether from A to B, or from B to 
A. But in its relations to other lines, the distinction becomes 
of essential importance ; and, in this view, every straight 
line may be said to have two directions, the one the reverse 
of the other. If a straight line is divided by a point, and 
the dijrection of each part^ reckoned from that point, then 
one part may be termed the reverse of 

the other. Thus, if BC is divided at B -^ C 

A, and the direction of AC is reckoned 
from A to C, while that of AB is reckoned from A to B, 
then AB is the reverse of AC, and, on the other hand, AG 
is the reverse of AB. 

IV. A, 

a.) Draw the straight line "'• 

AB. Below it draw CD, hav- ^ g 

ing the same direction with 
AB. Below this draw EF, ^ 
having a diflferent direction ^ 



(n) Lat. reversus, turned back. 



x 
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from CD ; and also 6H, baving the same directton 
with EF. 

. Straight Unes^ or planes^ are said to he parallbl te 
each other ^ when they have the same direction; in- 
clined, when they differ in direction. — Are AB and 
CD parallel to each other or inclined ? CD and £F ? AB 
and EF ? EF and GH ? CD and GH ? AB and GH ? 

b.) In the block AF, do the planes ABCD and 
GHFE appear to have ^ B 

the same or different di* 
rections ? Are they then ^ 
parallel to each other or 6 
inclined ? 

Are AC and DF paral- * 

lei to each other or inclined ? DF and AH ? AH and 
EH? AEandBF? 

How many pairs of pai^Uel planes does the block 
appear to have ? 

c.) Draw IH parallel to CD (Fig. iil). Has It the 
same direction with CD ? 

Has AB the same direction with CD ? 

Have then IH and AB the same direction ? Are 
they parallel ? 

If any two lines are both parallel to a third line, how 
must they be related to each other ? 

If two planes are both parallel to a third plane, how 
must they be related to each other ? 

If one of two parallel lines, or planes, is inclined 
with respect to a third line, or plane, what would you 
say of the other ? 

d.) How many straight lines having the same direc- 
tion can pass through the same point (^ 6. h) ? 
Can parallel lines then ever meet ? 



^7.1 
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IV. B. 



§ 7. Straight lines, or planes, are said to 

be PARALLEL'' to eacb other, when they have the 

same direction ; inclined'^, when tb^ differ til 

direction. 

AB and CD repxeseiit parallel lines (or, as they are often 
tenned, paraUeh). EF and GH 
represent lines which are parallel 
to each other, but are inclined 
with respect to the other two. 
In the figure in ^ 3. c, DF and 
AH represent parallel planes ; 
AC and BF, those which are in- 
clined. 

REMimss. a. If IH be drawn parallel to CD, it Will also 
be parallel to AB ; &r it is evident frcmi the very definition 
above, that lines, or plaiies^ which are jtaraUel to the sotm^ 
are parallel to each other, 

b. As two straight lines having the same direction cannot 
pass through the same point (§ 6. ^), it is evident that par- 
allel lines can never meet. 




No.l. 



+ 



V. A. 



No. ft 



C B A 




B A 



• No. 4. 



1 A 



B 



a.) Draw the straight line AB. 

From A, draw the straight line AC towards B, as in 



(o) Gr. n-»f»KKnKos, along aide ((f each others from 9r<ip» and *KKiiXmv, 
(p> Lat. iocUno, to lean. 

LEfS. GEOM. 4 ■ 
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No. 1. Does AC diverge at all from AB (that is, de- 
part or differ from it in direction) ? Is there any open- 
ing hetween them, or do they form one and the same 
straight line ? 

Draw AC diverging somewhat from AB, as in No. 2. 
Is there now any opening hetween them ? Do they 
make a comer at A ? 

A comer is called in Greometry an angle. — Is the 
comer, or angle, at A a sJutrp or a blunt one ? 

Draw AC diverging more from AB, as in No. 3. Is 
the angle sharper or blunter than in No. 2 ? 

Draw AC diverging still more from AB, as in No. 4. 
Is the angle sharper or blunter than in No. 3 ? 

As AC diverges more from Afi, does the angle be- 
come sharper or blunter ? 

b.) If you should lengthen the lines in No. 2, 3, or 
4, would it make the comers, or angles, any sharper or 
blunter? 

If you should shorten the lines, would it make the 
angles any sharper or blunter ? 

Does the length of the lines make any difference in 
the sharpness or bluntness of the angles ? 

The blunter an angle is, the grealer it is said to be, 
and the sharper it is, the less^ without any regard to 
the length of the lines which form it — In which of 
the Nos. above is there no angle ? In which is the 
angle tfie greatest ? In which the least ? 

As AC diverges more from AB, does the angle be- 
come greater or less ? 

Draw four angles, all equal, but with the lines of 
different lengths. 

Draw four angles, no two equal, but all formed by- 
lines of the same length. 
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c.) How many angles has the surface ABCD of the 
block AF ? 1 B 

How many has the 
surface CDEF ? 

How many angles 
has each surface of the 
block ? 

How many have all 
the surfaces together ? e 

How many plane angles (i. e. angles made byjines 
in a plane) are there, then, upon the block ? 

At how many pomts upon the block are these angles 
made ? How many are made at each point ? 

d.) How many surfi^ices diverge from the point D 
of the block ? from the point A ? from each of the 
angular points of the block ? 

Do the three surfaces diverging from D make a 
solid comer at this point ? — Such a comer is called, 
in Geometry, a solid angle. 

How many solid angles has the block AF ? 

By how many planes is each of these solid angles 
made ? How many plane angles does each contain ? 

How many edges, or boundary-lines of surfaces, 
come together at the point D? at the point A? at each 
angular point of the block ? 

e.) Do the planes AC and DF diverge from each 
other along the whole line DC ? 

From what line do the planes AC and AE diverge ? 
AE and DF ? 

The divergence of two surfaces from a common line 
forms a diedral angle. — How many diedral angles 
does the plane AC make with othier planes ? the plane 
DF ? each plane upon the block ? 
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How many planes are required to form each diedial 
angle ? 

How many diedral angles do all the planes upon the 
block form ? 

f.) How many plane angles has the block ? How 
many diedral angles ? How many solid angles ? 

How many planes are concerned in each of the 
plane angles ? in each of the diedral angles ? in each 
of the solid angles ? 

Point out plane angles upon the ceiling, sides, and 
floor of this room. 

Point out diedral angles belpnging to the room. 

Point out solid angles belonging to the room. 

If the two* leaves of a sheet of paper are regarded as 
planes, what kind of an angle is made by opening 
them ? 

Bend a piece of paper so as to represent different 
diedral angles. Eepresent with paper different solid 
angles. 

Cut an apple into various figures, and show what 
plane angles belong to each ; what diedral angles ; 
what solid angles. Show by how many surfaces each 
solid angle is formed. 



V. B. 

§ 8. DiFFERESTCE OF DIRECTION, as it IS 

capable of being measurea, constitutes a dimension 
(§ 1. c) and gives rise to a new class of magni^ 
tudes^ termed angles'^. 



(q) 1st,. fUO^lWk 90mfT, 
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Aehark. Duflfeienoe of direction, from the most obviouB 
mode of yiewing and estimating it (^ 9.c), has reoaved, for 
Gonyenience, the name divergence*'. 

§ 9. An ANGLE is formed by the divergence, 
either of lines from a pointy or of surfaces from a 
point or line. The lines or surfaces forming the 
angle are termed its sides ; and when they diverge 
from a point, that point is termed the vertex", or 

ANGULAR. POINT. 

Remarks, a. An angle is greater or less, accordiDg as 
the difference of direction in the lines or surfaces which form 
it is greater or less, without any regard to the length of the 
lines, or extent of the surfaces ; or, in other words, an angle 
is measured by the divergence of its sides. 

b. An angle formed hy the divergence of two lines from a 
point is termed a linear angle ; and, if it lies m a plane 
figure, a plane angle. It is rectilinear, when hoth its sides 
are straight lines ; an^ curvilinear, when one or both are 
curves. An angle formed by the divergence of surfaces 
from a point is termed a solid angle ; and one formed by 
the divergence of two surfaces from a line, a diedral* an- 
gle. — For the present, our attention will be confined to 
plane rectilinear angles, and when the simple term angle is 
used, it must be understood in this sense. 

c Difference of direction constitutes either divergence or 
convergence, according as the direction is reckoned from or 
towards tho' angular point. In most cases, however, it is 
more natural to reckon it from this point ; and therefore the 
word divergence is employed as a convenient term to express, 
in general, angular dimension, or difference of direction. It 
will be understood, that the direction id reckoned from the 
angular point, unless notice is given to the contrary. 

(r) Lai. diveigo, to separate, or go different wayB from one poini, (s) L. 
Tertez, tuming-^int, extreme point, peak, aummit. (t) Gr. ^i;, ttoice, 
(iit», aeatt baae. (u) L. convergo, to come togethert to tend loteards the 
tame point, 

E* 
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d* The dilS^enoe of direetkm between tinoB or aoKfrc^ ia 
the same, whether they actually meet at an ai^folar point, 
or not. For measurement, however, it ie always referred to 
such a point ; which can readily be done, either by produdng 
the lines or surfaces till they meet, or by drawing parallels. 

e. As all the forms of extension may be regarded as orig- 
inatiag in the motion of a pmnt (^ 3. <f) , so all the forms of 
direction aad diyergenoe may be traced hack to the lelatiTe 
direction of points. From the relative direction of the points 
in a line, arises the directiou of the line ; from the different 
direction of two lines, a linear angle ; from the direction of 
the lines in a surface, the direction of the surface ; from the 
different direction of two sur&ces, a diedral angle ; and from 
the combination of linear and diedral angles, a soKd angle. 



VI. A. 




a.) Draw the straight line AB. Now take a wire or 
string, and fasten it at A, to 
represent a second line AC 
joined to AB at A (§ 5. g). 

First, let AC lie upon AB, 
as in the position marked 1 
upon the diagram. Does AC 
make any angle with AB, or 
do they form one and the same 
straight line ? 

Let AC revolve about the fixed point A, until it 
comes to the direction AC 2. In revolving from 1 to 
2, has AC been in every direction which is possible 
between AC 1 and AC 2 ? Has it then made every 
angle with AB which is possible between 1 and 2 ? 

Let AC continue to revolve, until it comes to the 
direction AC 3. In this position, does it make a greater 
or less angle with AB than in the position AC 2. 
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As it revolves, does the angle which it makes with 
AB increase or diminish ? In other words, does its 
divergence from AB become greater or less ? 

Let AC revolve to the position AC 4. Has its diver- 
gence from AB increased or dimimsbed ? . Has it 
made with AB every angle which is possible between 
land 4? 

b.) Let AC revolve to the poditicm AC 5, in which 
it forms a straight line with AB. How is the direction 
of AC now related to that of AB (§ 6. ?) ? 

Does the direction AC 5 differ more or less, than 
the direction AC 4, from that of AB ? 

Is the divergence between AC 5 and AB greater or 
lesi^ than that between AC 4 and AB ? 

Has AC now made every angle with AB which is 
possible upon one side of a straight line ? 

Has it reached the greatest divergence from AB 
which is possible without passing beyond the direction 
of a straight line ? 

c.) Let AC continue to revolve, until it reaches the 

position AC 6. If you reckon, as before, tlirough 1, 

2, 3, 4, 5, is the divergence of AC 6 from AB greater 

or less than that of AC 5? How is it, if you reckon 

vthe opposite way, namely, through 8, 7, 6 ? 

Let AC revolve to the position AC 7. How does 
the divergence of AC 7 from AB compare with that of 
AC 6, reckoned both ways ? ' 

Let AC revolve to the position AC 8 ; that is, let it 
return to AB. Has AC now made with AB every an- 
gle which is possible ? 

Has it passed through the whole circuit of diver- 
gence around the point A ? 
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VI. B. 

§ 10. If two straight lines AB, AC be joined at 
the point A, and AC first !▼•. 

lie upon AB, and then re- 
volve around the' point A, 
until it returns to AB ; it is 
evident, (1.) that this revo- 
lution will give every possi- 
ble divergence of two lines, 
from the least to the greatest ; and (2.) that AC 
will pass through the whole circuit of divergence 
around the point A. For the purposes of measure- 
ment, the whole divergence around a point is di- 
vided into 360 degrees". 

Note. The degree (marked tlius o) is divided into 60 
minutes (')^ ; the minute into 60 seconds (")" ; the second 
into 60 thirds ('") ; &c. 

Questions and Remarks, a. If the whole divergence 
aronnd a point is divided into 3 equal angles, how many 
degrees will each contain ? How many, if it is divided into 
4 equal angles? into 5? into 6? into 8t into 9? mtolO? 
into 12? into 30? into 40? into 90? into 360? ^ 

If in the figure ahove, the angle BAG 2 is ^ of the whole 
divergence around A, how many* degrees does it contain ? 
How many does BAG 3 contain, if i of the whole ? BAG 4, 
if i? 

Into how many angles of 90° can the whole divergence 

around A he divided ? Into how many of 60° ? of 45° ? 

of 40O ? of 30O ? of 120O ? of 150 ? of 36© ? of 180 ? of 10© ? 

of 120? of 50? of 40? 0f3O? of20? of lo? 

- — 

(▼) Fr. Aagr^, from Lat. graduB, a<q». (w) L. min&tos, 9tnaUf minAie, 
(x) Fr. second^ fnm L. aecimdus, foUowing, sttbordintUe, next. 
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^11. d. In its laigest sense ^ the term angle may be'ap- 
plied eyen to the divergence between a straight line and its 
reverse (^ 6. 2) ; as, between AB and AC 5. An angle 
less than this is termed concave ; greater, convex (see § 5. a). 

c. As the line AC can revolve around A two ways (viz. 
through 1, 2, 3, 4, 5, 6, 7, 8, or, reversely, through 8, 7, 6, 
5, 4, 3, 2, 1), it is evident, that its divergence from AB may 
be reckoned two ways (through 1, 2, 3, &c., or through 8, 
7, 6, &c.) ; and that, consequently, it makes at each point 
two angles with AB, the one (except when BAC is a 
straight line) concave, and the other convex. Each of these 
angles may be termed the reverse of the other. 

d. Point out, upon the figure above, the two angles which 
AC 6 makes with. AB. Which is concave ? Which, con- 
vex ? How many degrees do they both t<^ether contain? 

How many degrees must any angle and its reverse to- 
gether contain ?^ 

If the number of degrees in. an angle is given, how do jou 
find the number of degrees in its reverse ? 

What is the reverse of an angle of 60<>? of 9(K>1 of 12(K>| 
oflSGOt ofSOOO? ofSOOOt 

How many convex angles ean lie about a point ! How 
many concave ? 

e. When the angle made by one line with another is 
spoken of, the concaioe angle is always meant, unless the 

^ contrary is either expressed, or obviously required by the 
connection. 

§ 12. For the sake of greater brevity and clear- 
ness, mathematicians employ certain signs^, or 
'STMBOLs% in the place of words or phrases which 
often recur. Thus, 

(y) Las. signum. (s) Gr. r(/»3e\ov, tokmt ngn. 
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Ae Sign of To be read, As . For 

Equality, «=, equal to ; A=B, A ii equal to 6. 

Saperiority, >>, greater than ; A>-By A it greater than B. 

Inferiority, ^ lees than ; A<<B, A u lees than B. 

Addition, -]-, plua^, or and; A-|-B, A plua B. 

Subtraction, -— , tninwfij or ZeM ; A — ^B, A mimu B. 
Multiplication, X f multiplied by, or mto; A XB, A mA> B. 

Division, -r-, divided fty ; A-r-B, A dwided by B. 

Parallelism, || , paraM to-, A U B, Ais parallel to B. 

Perpendicularity, -<-, perpendicular to; A -^ B, A it perpendicular to B. 

Right Angles, L, right angle; 2l_, too ri^At anglea. 
Inference, •*., therefore. 

Note. For the signs ^ ', '', "', see § 1 0. N. ; for &» and g, 
see § IS ; for the initials Am, a, 4 I'l ^ 8^ §§ 13| 14* ^» 

Remarks, a. (1.) A-|- B may also be read, the sum of 
A and B, or, A together with B ; A — B, the difference of 
A and B, or, more strictly, the remainder after taking B 
from A ; A X B (also written A . B), the product^ of A 
and B ; and A -^ B (for which the firactionai' form -g- is 
more common), the quotient:* of A hy B. (2.) The sign 
of multiplication is commonly omitted between numbers and 
letters, and between algebraic letters ; thus, SAB, for 3 X 
AB, or three times AB ; abc, for aXbXc. (3.) When a 
quantity (as A) is multiplied into itself, it is common to 
write A' for A X A, A' for A x A X A, &c., the number 
above (termed the exponerU^) showing how many times the 
quantity is taken as a factor*. A* is read, A square^ or second 
power ; A*, A cube^ or third p&toer. (4.) Parentheses often 
inclose two or more quantities, or a line (called a vinculum*) is 
drawn over them, to show that they are to be taken together ; 
thus (A + B) X (A — B+C), or A+Bx A— B + C, 
represents the product of A -|- B into A — B + C. (5. ) Two 

(a) Lat., more, (b) Lat., less. (c> L. productus, produced, sc by ihe 
multiplication, (d) L. fractlo, from fraDgfo, to break, as whole numbera are 
broken to make fractions, (e) L. quoties, or quotiens, hov many tivtee, as 
It shows how many times the divisor is contained in the dividend, (f) L. 
expOnens, eetting forth, exponng, shotring. (g) Lat., maker^ producer, sc 
by multiplication, (h) Lat., tie, bond. 
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quantities connected by the sign of equality (as, A »s B) 
form what is termed an- equation^ ; and each of the two 
quantities is called a member^, or side^ of the equation. 

^ 13. b. The plan of the following work has led to the 
adoption of two mtERROOATivs signs, formed firom the signs 
of equality and parallelism by changing the straight to wavy 
lines, which seemed appropriate to the expression of uncer* 
tainty, or question. These signs are those of, 
(1.) Comparison of Magnitude, sar ; as, Afl»BI for. How 
. does A compare with B in magnitude f i.e, Isit identicalf 

equal, greater, or less t 

(3.) Comparison of Direction, g ; as, A^B? for. How 
does A compare with B in direction f i. e. Is it in the same 
straight line, parallel, perpendicular, or ob&gue^ 

Note. A s» B ? may also be read. How is A related to 
B in magnitude f or. What is the comparative (or, relative) 
magnitude of A and B? A g B ? may also be read. How 
is A related to Bin position f or, What is the comparative 
direction (or, relative position) of A and B ? 

c. The initials Am are used hi how many f or 7u>w much f 
as, AmLt for how many right angles'^ hm^ t for how many 



^ 14. d. In respect to the use of capital letters refer- 
ring to the diagrams, it will be understood, unless the 
contrary is either expressed, or obyiously required by the 
connection, 

(1.) That a single letter denotes a point; as, A, for the 
point A (i. e. near which A stands). — A single letter 
not unfrequently d^iotes the angle at a point ; and it 
may be used to denote a magnitude of any kind. 

(3.) That two letters denote a line ; as, AB, for the line 
AB (i. e. the line lying between the points A and B). — 
Surfaces and solids are often named by taking two letters 
at opposite points not connected by a straight line, as in 

■■■ . ■ .>•' ■■■■••■ ■ ... - ■ ■ . ■ . — .,__^ 

(0 Lat. 8BqUBtio, fbom aquo, to make equal, (k) L. mepibrum, limb. 
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(3«) That three letters denote an anoub ; m, ABC, for the 
angle ABC (i. e. the angle made by uie lines AB and BC, 
the letter at the vertex being always placed in the middle). 
-—A triangle is oommonly denoted by the three letters at 
the angular points ; and three letten» are also employed to 
denote broken and curve lines, &c. 

(4.) That /our letters denote a quadrxlatkral ; fioe^ a pkn<- 

TAGON ; &c. 

e. To the letters referring to the diagrams, a smtUl iniiiei 
will be often prefixed, especially when three lettcnrs denote a 
triangle, or a single letter, an angle ; llins, ^ABC, fer the 
triangle ABC ; aABC, for the engle ABC \ aO, totthe anr- 
gkC; pC.fnthepointC; iAB, for lAs /me AB. 

^ 15. Read the following : 

uBiszaCt B<C. B = C. B>C. 

/AB \\ /CD 1 AB J- CD. AB J CD. 

A + B — C = ^. 

(AxB)-r(C— D) > (E4-F)^(G-H+I). 

A» + A + B* < A — B + C^ 
aDEF « Am L ? .-. aDEF =^ hmo. 



Vffl. 

§ 16. The whole work of the geometer may be 
resolved into the comparison of magnitudes. His 
success, therefore, will depend upon his sagacity in 
finding out ways of comparing them, and his accu- 
racy in making the comparison. 

Remarks, a. The eomparison of magnitudes may bo 
either more or less particular. Thus, we may elmply say, 
in general, that two magnitudes are equal, or that one is 
greater, or is less, than the other. Or, of two unequal m^- 
nitudes, we may show how much the one is greater, or is 
less, than the other ; or how many times the one contains, at 
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is contadned in, the odier. Or we may compare a magnitade 
with a fixed standard, and say liiat the length of a line is so 
many inches, or feet, or yards, &c. ; that a sur&ce contains 
80 many square inches, feet, yaids, &c. ; that a solid con- 
tains so many cubic inches, feet, yards, &c. ; or, that an 
angle contains so many degrees, or parts of a degree. 

b. The objects of which Geometry treats may be com- 
pared in respect to extent ^ direction, position, and form; but 
this may all be ixofAjeA. into the measurement of extension 
and direetien, or^ in other words, of lines, swrfaces, solids^ 
and amgles (^^ 3, 8). Extent is of t}iree kinds, according to 
the number of its dimensions (^ 3) ; linear (extent of line), 
superficial (extent of surface), and solid. The first is termed 
LENGTH ; the second, arba^ or superficial ooNTSNt* ; and 
the third, soliditt*^, yoLUMs", or solid content. 

c. Two objects compared are said to agree in size, form, 
direction, pontion, &c., when they hare the samB size, form, 
&c. Solids, surfaces, &c., are termed equafi, when they 
agree in 512^, without respect to form ; similar^, when they 
agree in/orm, without respect to size ; identical', when they 
agree in both size and form, or are both equal and similar. 
In other words, identical figures agree in all their parts ; 
that is, they have the same number of surfaces, lines, and 
angles, which are all equal each to each, and are similarly 
situated in respect to each other. — Some apply the term 
equal to soch figures only as are equal in sJl their parts^ 
terming those which are simply equal in size equivalent* 

d. The distinction between equality and identity does not 
apply to straight lines, or to plane rectilinear angles ; for it 
is erident, that, if these are equal, they are also identical. 

e. The relation of one thing to another in respect to size 
is termed ratio^. We may compare not only magnitudes 

■ I m I ■■ I I .,. . I I I I ■ I . I I I II ■ . 

(I) Lat., threshing-Jloor ; any open surface, (m) L. contentus, eoniainfii, 
(n) L. ioliditas. (o) L. rolamen, that tohich ia rolled together, from volro, 
to roll, (p) L. iBqualis. (q) L. simllis, like, (r) Fr. Identique, from L. 
iliem, the same. <0> L. nquiu, eqmU, asid valeo, to be worth, (t) L., red^ 
0mng,relali9», 

r 
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themselres, but also their Tatios. For ^e present, however, 
we shall confine ourselves to the simple comparison of mag- 
nitudes themselyes. 

§ 17. There are several methods of comparing 
two magnitudes, as will appear from the following 
directions. 

I. First, see if one of the magnitudes can be 
applied^ to the other (that is, placed upon it, or 
put into the same place with it), for direct meas- 
urement. This method is termed application, 
or SUPERPOSITION^ and, when practicable, b the 
most direct method of compariscm. 

a.) Suppose the line AB to be placed upon the line 
CD with the point A upon the 

point C. If, now, pB falls upon ^' ^ 

pD, how do the lines compare in c D 

length ? How do they compare, 

if B falls within D (that is, nearer to C than D is) ? 

How, if B falls toithout D (that is, farther from C than 

Dis)? 

Suppose AB to be placed upon CD with B upon D. 
Now, if AB be equal to CD, where will A fall ? 
Where will it fall, if AB be greater ? Where, if it 
be less ? 

b.) Suppose the angle ABC to be placed upon the an- 
gle DEF with pB upon B K 
• jpE, and the side BA 
upon ED. If, now,BC 
falls upon EF, how do 
the angles compare ? "' " ft 
How, if BC falls within EF? How, if it falls without? 

(11) Lat. appllco, to fold upon^ bring to, (v) L. super-ptwitio, placing 
upon. 
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Suppose aABC to be placed upon aDEF, with B 
upon E, and BC upon EF. Now, if ABC = DEF, 
where will BA fall ? Where wiU it M, if ABC > 
DEF? Where, if ABC <DEF? 

c.) Suppose the surface A to be placed upon the 
surface, B. If every 
line and angle of A 
falls upon the corre- 
sponding line and an- 
gle of B, how do the 
two surfaces ccMupare ? 
Are they more than simply equal (§ 16. c) ? 

If every part of A falls upon B, without covering the 
whole of B, how do they compare ? How, if A covers 
more than the whole of B ? 

d.) Suppose the solid A to be put into the place of 
the solid B. If it precisely fills 
the space occupied by B, how 
do they compare ? If every 
part of A falls within the space 
occi^ied by B, without filling 
the whole of this space, how do 
they compare ^ How^ if A more than fills the space 
ofB? 

Remarks, a. If two magnitudes, applied to each other, 
agree throughout in position and extent, they are said to 
coincide. It is evident, that magnitudes which coincide are 
identical (^ 16. c). 

b. Actual superposition can only be of limited use, and 
cannot possess that accuracy which Geometry requires. The 
superposition, therefore, which is contemplated in this sci- 
ence, is the work of the mind, and not of the hands (see 
^ 5. g) ; and all the language employed in regard to it must 
be so imderstood. 
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§ 18. II. Secondly, if the two magoitudes ctn- 
not be immediately compared, see if yOb can com* 
pare them both with a third ; or if you can compare 
them with two or more magnitudes, which can 
themselves be compared together. 

a.) Let A and C be two magni- 
tudes (as, for example, two lines) A— — 
which cannot be directly compared B 
with each other, but which can both c 
be compared with a third, B. Then, 

If A s= B, and B s; C, A s» Of 
If A = B, and B > C, A »» CI 
If A = B, and B < C, A ftw C? 
If A < B, and B = C, A »» Ct 
If A > B, and B = C, A ft» CI 
If A > B, and B > C, A jar Ct 
If A<B,and B < C, A tw C! 

b.) Let A and D be two magni- 
tudes (as two lines) which can nei- 
ther be (firectly compared with each 
otiber, nor bodi widi a third, but can 
be compared with two others, B and 
C, which can Ihemselyes be com- 
pared. Then, 

If A = B, B = C, and C = D ; A »» D ? 
If A = B, B = C, and C>D; Aft»D? 
If A = B, B = C, and C < D J A d» D « 
If A=sB,B<C,andO«»D; AjwD? 
If A«:B, B>C, and C = D; A^rDf 
IfA>B, B = C, andC = D; Aft»D? 
If A<B, B = C, and C = D; A«»D1 
If As=»B, B>C, and C>D; Aft»D« 



A- 

C- 
D- 
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If A«*B,B<C,andO<D; AiwrDt 

if A > B, B =«= C, and C > D ; A *K D? 

If A<B,B = C,«id C<D; AawD? 

If A>B, B>C, and C = D; As»D? 

If A < B, B < C, and C = D ; A »» D? 

If A > B, B > C, and C > D ; A aw D ? 

If A<B, B<C, and C<D; A»»D? 

RsHARK. In the comparison of magnitudes, (a) an equal 
may ahoays take the place of its equal ttnthout affecting the re- 
suit; and {b) a greater than a greater ^ or a less than a hsSj 
iSf of course, stiU greater, or still less. Hence, in a series of 
magnitudes successiYely compared as above, any one of the 
series may be cancelled, or struck out, in connection with the 
sign of equality (=») ; and any one may be cancelled in con- 
nection with a sign of inequality (>• or <), if also preceded 
or followed by the same sign. Thus, 

If A > B, B = C, C > D, D > E, E = F, and F > G ; 
then A > C, C> E, E >G; 

then A > G. 

See ^ 20. 

§ 19. III. Thirdly, see if you can compare the 
two magnitudes by means of some addition^ tub" 
tractiony muUiplicationy or divirion. 

A, Equally performed up^n both, 

a.) Let AB and CD be two ^ 

magnitudes (as two lines) 

which cannot be compared ex- ^ 

cept by making the same -or 
an equal addition BG to bodi. 
Then, 

If AC=:BD,ABft»CD? 
K AC > BD, AB ft» CD t 

If AC<BD, ABa»CD? 

LKSS. OEOH. 5 



B 

B 
B. 



C 
-C 



D 



b.) Or, on (be other hand, let AC aad BD be two 
magnitudes which oannot be conqpaied, except by mak- 
ing the same or an equal subtraction BC from both. 

Then, 

If AB = CD,AC«»BD? 

If AB<CD,AC«wBD? 

If AB>CD,AC«BDI 

c.) Let A and B be two magnitudes which cannot 

be compared, except by multiplying both by the same 

or l^ equal quantities ; as by the numbers 3, 3, 4, 6sc. 

Then, 

If 2A>dB,AMrBf 

If 3A»3B, AmB! 

If 4A<4B,A»»B? 

d.) Or, on the other hand, let A and B be two mag- 
nitudes which cannot be compared, except by dividing 
both by the same or by equal quantities ; as, by the 
numbers 2, 3, 4, &c. Then, 

If I =; |, AawBt 
If|>|, A«»BI 
IfA<|, A«»Bt 

B. Performed vspon one only. 

If A + C = B,Aa»B? 

IfA4-C<B, Aft»B? 
If A = B + C, Aa»B? 
If A— C=-:B,AiwB? 
If A — C>B,AflwB? 
IfA«:B--0,A»»B1 
If 2A»:B, AmB? 
If3A<B, AiwBt 

If A»4B, Am»B? 
If ^ «:B,Aa»B? 



iso.] 



COW^AMfmVi ^F 



m 



4 

C. PeffofTned t^on doM| &u^ iMie^tia%. 
IfA + B = C + D,andB>D;AawCt 
If A + B = C + D, andB<D; Aa»C? 
IfA4-B>C + D,widB<D;Aft»C? 
HA-|-.B<C + D,»ndB>D;As»C? 
IfA — B = C — D, andB>D;A»»C? 
IfA — B«C-- D,andB<D;AwC? 
IfA — B>G — D,andB>D; AiwC? 
LTA — B<C — D,andB<D; AwC? 
IfAXB==CxD, andB>D;Ai»C? 
IfAxB = CxD, aiidB<D; Aft»C1 
IfAxB>CxD, andB<D;A«»Cl 
IfAxB<CxB,andB>D;Aa»Ct 
If ~« 5^, and B>D; A«»CI 
If 4 = #, and B < D; A «» e? 
If 



B 



> ^, andB>I>; Aft»C? 
If 4 <£,andB<D; Aft»C? 

Remarks. 1. In regard to these operations perfonned 
(equally or unequally) upon equal or unequal magnitudes, it 
is enddent, tiiat equal opsration« affect, and equal magni- 
tudes are tweeted, equally ; unequal, vnequaify. Henoe, 
if equal operations are perfofnned upmi eqtfial tnagvitudes, the 
results are equal; and, i£ equal operations are perfi^med upon 
unequal magnitudes, or if unequal operations axe perfomied 
upon equal magnitudes, the results are unequal* When un- 
equal operations are perfoimed upon unequal magnitudes, no 
general rule can be given in regard to the results. See § 20. 

§ 20. 3. The axiom upon which Methods 11. and m. 
(§^ 18, 19) are founded may he thus stated in general 
terms : 



08 GBOKBTKT. — PAST I* [^ 21, 

Equals STrsTAiii like rbxjitioks, and recbivs 

AND PRODUCS LIKS Kf P£CTS ; 4IfD VNSQITALS, UNLIKX. 

Hence, 

(a) Things which are equal to the same axe equal to each 
other. 

(b) An equal te^a greater ^ iB greater ; to a lessy less. A 
greatet than an equal is greater ; a less, less. 

(c) A greater than a greater is stQl greater ; a less than a 
less, still less. 

(d) If equals ore added to equals^ the sums are equal. 

(e) Jf equals are added to unequals^ the soms are unequaL 

(/) K equals are subtracted from equals^ the remainders are 
equal, 

(g) If equals are subtracted from unequalSf or unequals 
from eqtuUs, the remainders are unequal, 

(A) If equals are multiplied hy equals^ the products are 
equal, 

(f ) If equals are multiplied by unequals^ or uneqiutls by 
equals, the products are unequal. 

(k) If equals are divided by equals, the quotients are equcd. 

(I) If equa& are divided by uneqtials, or unequals by equals, 
the quotients are unequal, 

^21. 3. It is also evident, that, 

{a) If the same quantity be both added and subtracted, there 
is no change of value. Thus, A -f- B — B bs A ; and if 
B = C, then A + B — C = A (§ 18. R.). 

{b) If a quantity be both multiplied and divided by the same, 
its value is not changed. Thus, A X B •— B &» A, and, ^f 
B = C, then A X B -5- C «■ A. 

(c) The WHOLE is greater than any tf its parts, and is 
equal to the sum of its parts, 

^ 23. 4. The axioms in ^§ 20, 21 belong to Arithmetic 
and Algebra no less than to Greometry . One of their simplest 
applications is to the finding of the value of two quantities in 



^ 23,} COMFAtSBOV OF KAaHlllTBES. 

terms of their sum wad difference (that 13, in expreasions in 
which the Bpm luid difference are employed). Xjet ^ repre- 
sent the ^eater of the two quantities ; /, the less ; s, Uieir 
sum ; and d, their difference. Then, 

g + l^Sy 

By adding the equals in the second equation to the equals in 
the firsts ($ 20. <f), we obtain 

and by dividing each member of lius equation by 2 (§ 20. A;), 

g^is + id; 

that is, the greater of two quarUities is equal to half their sum 
plus half their difference. 

By subtracting the second equation from the first (§ 20./), 

we obtain 

2/ = 5 — rf; 

and by dividing this equation by 2, 

that is, the less of two quantities is equal to half their sum 
minus half their difference. 

For IQustration, take two lines, AB and BC, and join them 
at B, making AC their sum. From 

AB take BD = BC, leaving AD their ^-^ ^ C 

difference. What line is the sum mi- 
nus the difference {s — d)% As BD s=: BC, what part of DC 
isBC? 

Extend AC to E, making CE = AD. What line isthe 
sum plus the difference (« -f~ ^) • -^^ 

AD = CE, and DB = BC, AB jw BE1 ^""5 1 c~"® 

Then, what part of AE is AB? 

(w) This ifl commonly termed adding the tquatiom. 
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§ 23. IV. Fourthly, see if any supposition can 
be made, every supposition contrary to which may- 
be shown to involve an absurdity y or impossibilUj/. 

Remark. It is evident, that (a) any ntpposition which 
involves an absurdity must he false ; and (ft) any, to which 
every contrary supposition involves an absurdity must be true. 
This method of proof is tenned redvctio ad absurdum^ 
and is often useM as a substitute fo direct proof, or as col- 
lateral with it. 



(z) Lat., rtdudng to an oAntrdirj^ 



PART SECOND, 




§24. Definitions. Angles are -termed adja- 
cent*, when they lie side by side at the same pomt ; 
VERTICAL^ when they are made hy the intersec- 
tion of two lines, and lie opposite to each other. 

Thus, AEC and AED are adjacent angles, of ii?hich AE 
is the common, or inner, side, and 
CE and ED, the outer sides, AEC 
and DEB, or AED and CEB, are 
vertical angles, C •""^ ^**^ B 

How many pairs of adjacent angles 
can yon find in the figxire 1 Name them. How many pairs 
of Yertical angles can yon find \ Draw other angles upon 
the hoard, and show which are adjaeent, and which Tertieal. 

§ 25. If one straight line meeting another makes 
the two adjacent angles tqwil^ these angles are 
termed right angles'" ; and the lines are said to 
be PERPENDICULAR*^ to cach other. If it makes 
the adjacent angles unequal^ both the angles and 
the Ibes are termed oblique*. An oblique angle 
Uss than a right angle is termed acute' ; and one 
greater^ obtuse*. 

(a) Lat. adjaceo, to lie eontigtunu, or dose by, (b) So called from their 
beiog simply joined at the vertex, (c) So called, because one line- stands 
upright upon the other (regarded as lying horizontally), (d) L. perpendicu* 
ISris, plumby from perpendlciilum, plumb-Kne. (e) L. obttquus, rianHng, 
(f ) L. aciituSi sharp, (g) L. obtflsus, blunt. 
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K26. 



ABC and AfiD represent 
rtgkt angles made upon CD 
by the perpendiatittr AB. 
£FG and EFH txe obhpie 

angles^ the first obtuse and 

the second acute^ formed upon 
GH by the oblique line EF. 

Draw various angles, and show which are right, and 
are oblique ; which are acute, and which obtuse, 
which of the lines employed are peipendicalar to each 
and which are oUiqae. 




B 



DO 



which 
Show 
other, 



Peofosition I. 



y. 



s 



B 



DG 



§ 26. Givtn^ any 
right angles ABC 9 
ABD, EFG, EFH. 

Required^ ABC ^ 
ABD ««^ EFG a» EFH ^^ 
(that is, the compara- 

tire magnitude of the angles ABC, ABD, EF6, 
EFH ; see § 13). 

Place &e first fignie upon the seeond, with the foinl B upon 
the jmnt F» and the line BC upon the line F6. As CD 
and GH are straight lines, where must BD fall? e. c.^ 

Does CD now fonn one and the same straight line with OH ? 
As pB* lies upon pF, do AB and £F both meet this line 
at the same point, making ^e adjacent angle* equal 1 
Where then must AB fidif 

With what angle must ABC coincide ; and with what, 
ABD? 

ABOftwr EFG, and ABD wt EFH ? 17. a. 



(b) Numbers ind letters thus placed at the end of a line refer to KCtloos 
and their parts, (i) See « 14. e. 



B 



§ 27-29.] ATxaL9»p T9 

But, as ABC and ABD are xi^bt anglaa, ABC m ABD? ss. 
ABCss? ABDmEFGMrEFHI so. a. 

§ 27. Theorem I. Ml right angles are equah 

(Proyed hj •uperpoeiUonJ 

§ 28. 0.) From any point C in any ^• 

straight line AB, draw CD above, ^ 

and CE below, each perpendicular to 
AB(^25). Then, DCA «sr DCB Mr 
ECA»»ECB? ^_^ 

Into how many equal angles is the ^ 

divergence around C divided ? 

How many degrees does each of ^ 

these angles contain (^ 10. a) ? 

How many degrees must every right angle contain t 97. 

b.] The divergence between CB and its reverse CA (rede* 
oned either way, ^ 11. c) = AmL'^l »= Am^ 1 

If this divergence (cm either side of AB) be divided into 
3 equal angles, how many degrees will each contain 1 How 
many, if it be divided into 4 equal angles? into 5? into 6 ? 
mtoO? into 10? into 18? into 45? into 60? 

Into how many angles of 90^ each can the divergence 
between CB and its reverse CA be divided? Into how many 
ofeoo? of 450? of30o? of360t ofSOO? of lOO? 

The sum of any angles made at the point C on one side 
of AB«Ai»L? ==:A»»o? 

c.) The whole sum of any number of angles made around 
the point C = Am L ? 

How many obtuse angles can lie about a point? How 
many acute? 

^ 29. d,) CoROLLARixs. (1.) A right angle contains 90O. 
(2.) The angles made upon one side cf a straight line at any 
point are together equal to two right angles, or contain 180^. 
(3.) All the angles around any point are together equal to 

four right angles. 

— ■ - - — ' — — ■ — ■ -" ■ 

(k) See H IS, 13. c. 
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^30. e.) Definition. When one straight line meets an- 
other, each of the adjacent angles ^ 
is termed the supplement^ of the 
other. Thus, ABC is the supple- 
ment of ABD ; and, conrersely, c ^ ^ 

ABD is the supplement of ABC. 

/.) An angle and its supplement as AmL? «= hm o t 99. s. 

If the number of degrees in an angle is giyen, how do you 
obtain the number of degrees in its supplement ? 

What is the supplement of an angle of 60© ! of 90o ? of 

1100? of 4501 if2oot of noot 

If an angle is a light angle, what kind of an angle must 
its supplement be ? If acute % If obtuse I 

^.) In general, any angle is called the supplement of an- 
other, however they may be situated, if the'two are together 
equal to two right angles, or C(mtain 18(K> ; and angles so 
related are termed supplementary. ^ 

A.) If two angles are equal, how do their supplements 
compare? 

If two angles are unequal, how does the supplement of the 
greater compare with the supplement of the less ? 

If the difference of two angles is I(P, what is the differ- 
ence of their supplements % 

Is the supplement of an angle of 25^ greater or less than 
the supplement of an angle of 5(K>, and how much? 

Eqtud angles have equal supplements; greater , less; and 
less, greater. 

Proposition II. 



§ 31. Givtn^ two adjacent 
angles, ABC, ABD, together 
equal to two right angles. 

Required^ CB 8 BD (that c i 



vn. 



(1) Lat. aupplementum, fram sunpleo, to fiU up, ntpply. 
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is, the relative position of CB and BD ; see 

§13). 

Prodttoe*> CB to E. Then, ABC + ABE » ^ L T 99. ». 
ABC -f- ABE a» ABC + ABD ? so. a. 

ABE.fl»ABD? »./. 

Upon what line then most BE &U? 
.*. As CB is in the same straight line with BE, CB || BDt 

§ 32. Theor. IL If two adjacent angles are 
together equal to two right angles ^ the outer sides 
form a straight line. 

[The converse" of S 29. 9.] 

a.) If two adjacent angles are both right angles, do the 
outer sides form a straight line ? Do they form a straight 
line, if the two angles are together greater, or together less, 
than two right angles? If one angle is 60^, and the other 
1200 1 If the two angles are 60o and 130© ? 90© and 70° ! 
90O and 100© ? 60o and 80© ? 75© and ISO© ? 

b.) If the angle ABC contains 120^, how many degrees 
must ABD contain, in order that CB and fiD may form a 
straight line? How many, if ABC contains llOO t 1250? 
130O t 

Peoposition in. 

§ 33. Given^ two straight yur. 

lines, AB and CD, intersect- 
ing at £. 

Required^ aAEC «»aDEB, 
and aAED ^ aCEB. 



(m) See § 5. e. (n) Lat. conversus, turned about. Of two propositionfl 
or sentences, each is said to be the convene of the other, when the condition 
of the first is the conclusion of the second, and the conclusion of the first Ut 
the condition of the second ; or when, in like manner, subject and predicate 
change places. 
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A.EC + AED = AmL ? «. «- 

And ^ DEB + AED = AmL? 

A£C + A£Da»D£B-f A£D? ».tf. 

AKJ fl» DEBI «./. 

Show the same, taking a diffisrent Imgle in the place of 
AED. Show, in like maimer, AED s» CEB. 

§ 34. Theor. III. Vertical angles are equal. 

[Becaum each of two vertical angles makes, with one of the intermefiata 
angles, the same sum, viz. 180«.] 

a,) If AEC contains 50^, km^ does each of the other an- 
gles in the figure contain ? If it contains 6(P 1 75© t 45° ? 
90O? 

If one of the angles made by two intersecting lines id a 
light aqgle, what must they all be 1 If one is acute, what 
must the rest bet If one is obtuse I 

§ 35.^ b.) Given, at the pomt E ^"'• 

four angles, of which those that aie 
opposite are equal ; i. e. AEC = 
DEB, and AED = CEB. 

Bequired., CE g ED, and AE || EB. 

AEC + AED «» DEB + CEB ? ». d. 

But AEC + AED + DEB + CEB = AmL! ».8. 

AEC + AED = htfiL.'i 

CE 8 ED? as. 

And AED + DEB = AmL? .-. AE g EB? 

Iff of fovT angles at the same point, those whkh are oppo- 
site are equals they are formed by the intersection ff two 
straight lines. 




§ 36. Definitions. A plane figure inclosed 
by straight lines is termed a polygon" (or simply, 

a RECTILINEAL fi6ure). The lines which in-^ 

•— — — i I I, 

(o> Gr. fl-oxCy-wva;, many-angled, from trtKvs, many, aad ymvim, e9rner, 
angle. 
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close it are termed its sides ; and the sum of these 
Imes, its perimeter^. 

§ 37. A polygon of three sides is termed a tri- 
angle*; ; of four J a quadrilateral'; of five ^ a 

PENTAGON*; ofHx, B. HEXAGON^; of jevefl, a HEP- 
TAGON'' ; of eighty an octagon'' ; of ten, a deca- 
gon'' ; &c. 

§ 38. The sides and angles of a polygon are 
termed its parts ; and those which lie next to 
each other (taking sides and angles alternately) 
are termed adjacent parts. 

Thus, in Fig. IX. (§ 39) , the side AB is adjacent to the 
angles A and B, and the angle A is adjacent to the sides 
AB and AC. 

What are the parts adjacent to the side BC T to AC ? to 
the angle B ? C 1 to the side £F ? to the angle D? 

How many parts has a triangle ? a quadrilateral ? a hex- 
agon ? a decagon ? 

In every polygon, how does the number of the sides com- 
pare with the number of the angles? 



Proposition IV. 

§ 39. Given, two triangles, ABC, DEF, agree- 
ing in three adjacent parts (i. e. having three ad- 
jacent parts of the one equal to three adjacent 



(p) Gr. 5r«p»>«Tpos, measure round, from wip/, around, and A*^T^or, mea9- 
ure. (q) Lat. triang&lus, three-cornered^ from tres, three^ and ting&lus. (r) L. 
quadrilatSrus, four-sided, from quatuor, /our, and latua, side, (s) Gr. srnr. 
T»yo»vos , ^fite-cornered, from jrtvn, Jvoe, and y»n'». (t) Gr. V|, six. (u) Gr. 
fsrri, seten. (v) Gr. ojct<6, eight, (w) Gr. J«»*, ten. 




78 GEOHBTRT. -*- PART II. [§ 39. 

parts of the other, 
each to each ; see 
§ 16. c). 

lUquirtd^ 
tkBC a» <DEF. 

L Let the three paxts be two sides and the iikduded ai^le ; 
e. g. AB = DE, AC = DF, and «A — oD, 

Place ^ABC upon ^DEF, with pA upon pD, and the side 
AB upon D£. 

Then, as AB «:= DE, where will j^B M? 

As oA ss oD, where will AC fall ? 

As AC = DF, where wiU |KJ £aU ? 

Where, then, will BC fall T s. c. 

Do the two triangles coincide throng^out ? 

How then do they compare in every part? it. a, is.c. 

What side is equal to BC t What angte to «B ? to aC t 

n. Let the three parts be a side and the two adjacent an- 
gles ; e. g. BC = EF, aB = cE, and aC = aF. 

Place tABC upon <DEF, with B upon E, and BC upon EF. 

Then, as BC » EF, where will C fall ? 

As aB » aE, where will BA fall ? 

As aC = aF, where wiU CA faU ? 

Where, then, must pA fall ? 

Are the two triangles identical ? 

What side is equal to AB % to AC ? What angle is equal 

toaA! 

If the triangles 6HI, KLM, hare 
GH == KL, GI = KM, and aG = 
oK (or HI = LM, aH = oL, and 
al 5= flM), how would you place 
tGBI upon tKlMf to show that 
they are identical ? 




§ 40-42.] iDEirricAL trundlbs, — paballels. W 

§ 40. The OR. IV. T^riangkB agreting in Arte 
adjacent parts are identical. 

[Piored hj superposition.] 

* In identical triangles, how do those angles eompate whieK 
are opposite to equal sides I How do those sides compaxe 
which axe opposite to equal angles 1 

In the identical triangle^ GHI and KLM (Fig. X.), men- 
tion each pair of equal parts. 

Remark. In identical triangles, equal angles are opposite 
to equal sides. 



§ 41. Definitions. When parallels are crossed 

by a siogle straight Ime, or by other parallels^ the 

angles which are made are termed, with respect to 

each other, like, or unlike. They are termed 

LIKE, if they are turned either the same way or 

directly opposite ways ; but otherwise, unlike. 

Thus, AGE, CHG, BGH, and DHF, form one class of 
like angles about the parMlels AB xl 

and CD, being all turned either up or 
down ; and EGB, GKD, AGH, and 
CHF, form a second class of angles 
which are like to each other, but un- 
like the first class, being all turned 
either to the right hand or to the 
left. 

^ 42. Different pairs of angles about parallels have also 
received special names according to their situation. Thus, 

a.) Like Angles. Two angles turned the same way, the 
one without and the other within the parallels, are termed 
exteriors-interior^ angles ; as EGB and GHD, or AGE and 
CHG. Two angles turned opposite ways, and both within 

(:^ Lat., outer, (y) Lat., inner. 
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the parallels, are tenned aUemat^rUerior (or often simply 
alternate) angles; as, AGH and GHD, or BGH and GHC. 
Two angles turned opposite ways, and both without the 
parallels, are tenned altemate'exterior angles ; as, EGB aod 
CHF, or AGE aad DHF. 

^.) Of Unlike Angles, we distinguish the tnteriar angles 
upon the same side, as AGH and GHC, or BGH and GHD ; 
and the exterior angles upon the same side, as AGE and 
CHF, or EGB and DHF. 

Note. The ahore may be termed different orders, or 
species, of like and unlike angles. 

Draw two parallels crossing two other parallels, as in 
Fig. XIV. (§ 45) ; and mention each pair of exterior- 
interior angles, of alternate-interior angles, of alternate- 
exterior angles, of interior angles upon the same side, and 
of exterior angles upon the same side. Mention all the anr 
gles of each of the two classes of like angles (§ 41). 

Proposition V. 



§ 43. I. Given, AB || CD, 
and EF -l. AB. ^■ 

Required, EF W CD. 



XII. 
E 



•B 



Let the figure AEFC be folded over upon the figure BEFD 
(or, in other words, be placed upon it with EF of the one 
figure upon EF of the other). 

As oAEF = flBEF (^ 25) , where will EA fall ? 

Does EA now form the same line with EB ? 

As FC has the same direction with EA, and FD with EB, 
have now FC and FD the same direction with each other? 

Where, then, must FC fall ? 



(z) Lat. alternatus, fipoin altemo, to vary, interchange. 
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If not, how many straight lines haTingf the aame ^orection 
would pass through pFI «. b, 

flEFC «» flEFD, and EF || CD ? aa. 

§ 44. 11. Gweny AB || CD, ™- 

and EF, crossing them at G 
and H. 

Required^ 
AGH*»GHD«»EGBa»CHF; «" ^ 
BGH*»GHCmAGE«.DHF; 
and AGH + GHC, or BGH + GHD, «= hm L. 

(1.) If EF -J- AB, then EF g CD 1 48. 

Theu what are all the angles which EF makes with AB 

and CD ? 34. a. 

(2.) If EF is not -L AB, draw IL -L AB through a point 

K in GH, so taken that IK shall he == KL. 
Then, IL g CD? 48. 

■aKIGa»aKLH1 yr. 

And aGKI fog aHKL ? 84. 

Therefore, as IK is made = KL, in what three adjacent 
parts do the triangles KIG and KLH agree ? 

/KIGft»/KLH? 40. 

iiIGK (or AGH) «» aKHL (or GHD) 1 

But EGB ft» AGH, and CHF «» GHD ? 84. 

How then do these four angles compare with each other? so. a. 

What are the supplements of these angles ? 80. e. 

BGH «» GHC ft» AG]^ «» DHF ? so. h. 

How do the four angles at G severally compare with the cor- 
responding angles at H ? 

Again, as GHC == BGH, 

AGH + GHC a» AGH + BGH ? so. d, 

AGH + GHC = AwL ? * 90. 9. 

Show the same in respect to BGH -{- GHD ; and in resped 
to AGE + CHF. 

X.ES8. OEOM. 6 
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§ 46. III. Crivenj the par- 
allels AB and CD crossing 
the parallels EF and GH at 
I, K, L, and O. 

Required^ a comparison of 
the angles at I, K, L, and O. 

As AB II CD, and EF crosses them, how do the angles at I 

severally compare with the corresponding angles at K ? 44. 
As AB II CD, and 6H crosses them, how do the angles at 

L severally compare with those at O ? 
As £F II GH, and AB crosses them, how do the angles at I 

severally compare with those at L ? 
How, then, do the corresponding angles at I, K, L, and O, 

severally compare with each other ? 

What angles in the figure are each = ATK ? 

What angles are each = IKC ? 

Any angle of the .one class added to any angle of the other 
= hm LI s 

How, then, is any angle of the one class related to any an- 
gle of the other class I so. g. 

If AIK contains 60^, how many degrees does each of the 
other angles contain ? 

§46. Theor. V. Like angles about parallels 
are equal ; and unlike ^ supplementary, 

[Proved by means of superpositioa, identical triangles, &c.] 

To this general proposition may be referred the following 
particulars : 

(a) A perpendicular to one of two parallels is perpendicu- 
lar to the other also. 

(b) Two parallels make, with a third straight line, the 
exterior-interior, or (c) the alternate-interior, or (d) the 
aUemate-exterior angles equal ; and (e) the interior angles 
upon the same side, or (f) the exterior upon the same nde^ 
equal to two right angles. 
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Mentimi, in Fig. XTV. aboye, each pair of exterior- 
interior angles ; of alternate-interior angles ; of alternate- 
exterior angles ; of interior angles upon the same side ; 
and of exterior angles upon the same side. 

(g) When parallels are crossed by a single straight line, 
or by other parallels^ either all the angles are right angles ; 
or we hare one class of equal acute angles, and a second 
class of equal obtuse angles, which aare supplements of the 
acute. 

Draw three parallels crossing obliquely three other par- 
allels ; and point out the angles of each class. 

^ 47. Remark. The distinction of Hke and unlike angles 
applies also to those angles which are formed by the simple 
intersection of two straight lines (the vertical angles being 
like, and the adjacent unlike) ; so that Theorems III. and V. 
might be united ; thus : 

^ one straight line or set of parallels crosses another 
straight line or s^ of pardUds^ the like angles which are 
formed are equals and the unlike smppUmentary, 

Pkoposition VI. 

§ 48- Given, aAGH = *^ 

aGHD. 




Requirtd, AB 8 CD. z ^ .C ^ p 

y 

F 

Through pH, draw IK || AB. Are AGH and GHK like or 

unlike angles? Why? 41. 

Of which species \ 49. 

AGH s» GHK? 4fl.c. 

GHKiwGHD? 20. fl. 
Where, then, must IK fall ? 
.-. As AB||IK, AB j{ CD? 
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Show the 9uae^ there hmg given B6H » GHG, or EGB 
= GHD, or AGH + GHC « 8L. 

What other oonditione being given, eocdd you riiow the 
same? 

§ 49. The OR. VI. Two straight lines makings 
mth a thirds the like angles equal, or the unlikfi 
supplementary, are parallel, 

[The coarerse of Thaorain V.] 

Hence two straight lines are parallel, (a) when they are 
both perpendicular to a third ; (b) when they make, with a 
third, the exlerior^interiorf (c) the a/Zernate-tn/mor, or 
(d) the akemate^xterior angles equal ; or (e) when they 
make, with a third, the interior angles upon the same side^ 
or (/) the exterior vpon the same side^ equal to two light 
angles. * 

^ 50. Can two diatinot straight lines, which axe both perpen- 
dicular to a third, pass through the same point ? 4», a, 7. b. 

CoR. Onfy one perjtendiaUar to u given line can pass 
through a given point* 

^51. Reuarxs. I. The equality, both of vertical angles, 
and of like angles formed by parallels, rests upon a common 
foundation ; viz. that these angles arise firixn the difference 
either of the same directions or of reverse directions (^ 6. 2). 
The relations of these angles is well illustrated by employing 
subtraction to obtain their measure. 

a.) The first step must of course be, to adopt some stand- 
ard, by divergence from which we can estimate the direc- 
tions of the several lines. Let this 
standard be the direction 6om G to B , ^^* 

and let the divergence from this be 
reckoned round the same way as in 
( 10, that is, from B, through £, A, 
and H, back again to B. Let the 
divergence of GE from GB be repre- 
sented by e^. Then the directions 
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of the Bereial lines pvoceecling from p6 wOl be xepresenfted 

as follows. 

1st Dir. GB (as not departing finom the standard) e^OO. 
Dir. GE =« cO. 

Dir. GA (as the reverse of GB) =0O-j-180o«=180o. 
Dir. GH (as the reverse of GE) s=€O+180O, 

2d Dir. GB (after an entire revolution) s= 360O. 

As CD has the same direction with AB, and EF is a 
straight line, the directions of the lines proceeding from pH, 
will be r^resented in like manner ; thus, Ist Dir. HD = (K>, 
Dir. HG = co , Dir . HC = 180© , Dir. HF -= cO + iqqo , 2d 
Dir. HD » 360O. 

b.) As the magnitude of an angle depends simply upon 
the difference between the directions of its sides (§ 9. a), the 
values of the i^pveral angles azoond G and H may now be 
obtained by subtraction. Thus, 

EGB(=Dir.GE — l8tDir.GB),or) j> ^ rp ' j> 
GHD(«Dir.HG— IstDir.HD), i™ *^?'^- 

AGH (« Dir.GH — Dir.GA), or ? ^ t jgoo _ igno -^o 
CHF(«Dir.HP — Dir.HC), ^-*^i-180 —180 -e. 

AGE (« Dir. GA — Dfar. GE), OP ) ,«^o_^ 
GHC (= Dff. HC — Dir. HG), ^ =" *»" 

BGH (= 2d Dir. GB — Dir. GH), or )« 350^ — (jP -f- 1 80^) 
DHF(=2dDir.HD — Dir.HF), ^ =180^—^. 

It will be observed, that the four angles, EGB, GHD, 
AGH, and CHF, have the same value, viz. e^ ; and also, 
that the four, AGE, GHC, BGH, and DHF, have the same 
value, viz. I8OO — eO^ or, in other words, the supplement of 
^ (§ 30. g). 

c.) Substitute for e a particular number, as 60, and the 
directions of the several lines will be thus represented : 
1st Dir. GB or HD = Oo, Dir. GE or HG = 6O0, Dir. GA 
or HC = I8OO, Dir. GH or HF «« 6OO -f 180^ = 2400, 
2d Dir. GB or HD = 360O. The values of the angles will 
then be as follows : 
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E6fi,or6HD, =» eoo — qo, « 60O. >ClassI. 
AGH, or CHF, = 240o — 180©, = 60©. J Acute. 
AGE, or GHC, = 180O — 60°, = 120O. i Class D. 
BGH, or DHF, = 360o — 240O, = 120o. J Obtuse. 

What' will be the direction of each line, and the value of 
each angle, if e be 45 ? if e be 00 ? 

d.) A subtraction, like that above, is actually employed in 
finding the angle between two lines with a theod<dite or com- 
pass. First, by taking sight, we find the direction of each 
line, as measured in degrees upon the instrument fipom a zero 
point, or from a north and south line ; and then, we subtract 
one direction from the other to obtain the angle between 
them. 

If in surveying we find the direction of one ade of a field 
to be 25° upon the theodolite, and that of the adjoining side 
to be 85°, what is the angle between them f What is the 
angle, if the. two dir^tions are 45° and 160°? 60^ and 
179°? 

^ 52. n. Without having recourse to more fi>nnal demon- 
stration, it is evident that, if two straight lines have the same 
direction, they must difkir equally in direction from a third 
straight line, and consequently must make equal angles with 
it ; and conversely, that, if two straight lines differ alike 
in direction from a third, they must have the same direction 
with each other, or, in other words, must be parallel. — In 
applying this summary demonstration, the distinction in 
§ 6. 2 must be regarded. 

Proposition VII. 

§ 53. Given, any triangle ^"' 

ABC. V^. ? 

Required^ the sum of its an- / ^v. 

gles. • / ^S. 

gZ J^ 
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From A, one of the angular points of the triangle, draw AD 
paraJlel to BC, the opposite side. 

What lines make angles with these parallels? 

What Uke angles are made? Of which species? 49. 

What unlike angles are made? Of which species? 

Then, aBCA aar aCAD ? 46. c. 

.-. BCA + CAB + ABCawCAD-|-CAB + ABC?20.</. 

But, CAD -(- CAB + ABC (or DAB + ABC) = AmL ? 4a. e. 

BCA + CAB + ABC = AmL? 90. a. 

Show the same, drawing the parallel from A to the left hand, 
instead of the right. 

Show the same, drawing the parallel from B ; from C. 

How many difierent ways can you draw the paralle], and 
show the same ? 

§ 54. Theor; VIL The three angks of any 
triangle are together equal to two right angles. 

[Pioired hy drawing fiom ooe of the pointa a parallel to the oppoeite aide, 
aad appljiog Theor. Y.] 

a.) How many degrees do the three angles of any triangle 
together contain ? S9. 1 . 

If two angles of a triangle are 60^ and 8(P, what is the 
third angle? What is it, if the other two are lOQO and 2<K> ? 
90O and 450 ? 6OO and 25o ? 

If one angle of a triangle is 40^, and the other two are 
equal, km o does each of them contain ? 

If the three angles of a triangle are equal, hm does each 
contain? 

If, in the triangle OPQ, dP is twice as great as oO, and 
aQ three times as great as aP, hm o does each contain ? 

If two angles of a triangle are given, how do you find the 
third? 

b,) How is each angle of a triangle related to the sum of 
the other two ? so. g, 

c) Jf two angles of one triangle axe equal to two angles 
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of another, how does the third angle of the one compare with 
the third angle of the other! 

d.) How many right angles can a triangle have T How 
many ohtuse ? How many acate 1 

If one of the angles of a triangle is a right or an ohtuse 
angle, what must each of the other two he ? To what kind 
of an angle, in each case, are the other two together equal ? 

If one of the angles of a triangle is equal to the sum of the 
other two, what must that angle be ? 

If two angles of a triangle/tze equal, what Idnd of an angle 
must each be ? 

c.) Through A, draw DE g BC. ^tvra. 

Show that the three angles of D-,^,,^.,^^. , . , . B 
^ABC are equal to the three angles yr \ 

at j»A, and, therefore, = 2L. y^ \ 

B^ \i 

/.) Produce BC to D, and draw ^i^- 

CE II BA. A J? 

Show that the three angles of y\ / 
*ABC are = the three angles at pC, /^ \ / 
and, therefore, = 2 L. b u b 



§ 55. Definitions. I. A polygon is termed 
equilateral^^ when its sides are all equal ; and equi- ' 
angular^ when its angles are all equal. A tri- 
angle is tenned isosceles^, when it has two equal 
sides ; and scalene''^ when no two of its sides 
are equal. It is also termed right-., or obtuse- 
angled, when it has one right, or one obtuse an- 
gle (§ 54. d) ; and acute-angled, when all its an- 
gles are acute. 
■ 

(a) Lat. aequilateiftiifl, from aquus, equal, and latus, side, (b) Gr. r<r*. 
rxtKfts, from ?««, eiual, and niK»c, ^. (c) Gr. n»Knvhs, Umpingt UkB a 
man whose legs are unequal. 



^56-58.] POLTG09S. 

Note, (a) Polygons wUcb are hoik equilateral and equi- 
angular are termed regular, (b) Polygons whose angles are 
all oblique are termed oblique-angled, (c) The shorter forms, 
right triangle, oblique triangle, &c. , are sometimes used for 
right-angled triangle, oblique-angled triangle, &c. 

Obliqiwftiigled. 

Acute-angled. Obtuse-angled. Right-angled. 

AD G 





B C £ F H IK 

Equilateral. laosceles. Scalene. 

Draw triangles of each of the different classes above men- 
tioned. 

^5&, U. The side upon which a triangle is regarded as 
resting is termed its base', and the opposite angular point, 

its VERTEX or SUMMIT. 

Note, (a) In distinction from the base, the other two 
sides are termed the legs, oit sometimes simply the two sides, 
(b) In an isosceles triangle, the term base is specially applied 
to the side lying between the two equal sides. 

In the triangles above, lying as they do, name the base, 
vertex, and legs of each. 

$ 57. ni. In a triangle, the side which is opposite to an 
angle is said to svbtend^ the angle. 

In the triangles above, name the side subtending the angle 
A ; E ; I ; C ; D ; H. Name the angle subtended by AC ; 
DE; HI; BC; DF; GH. 

§ 58. rV. In a right-angled triangle, the side subtending 
the right angle is termed the hypotenuse' ; and of the other 
two sides, one is oflen termed the base (^ 56), and the other 
the perpendicular. 

In the right-angled triangle GHI, which side is the hypot- 

(d) Gr. 3x0-1$, ybundotion. (e) Lat. subtendo, ^o sfrefcA frenea/A. (f } Gr. 
vx-ertifovo-ct, atibtending. The term iega is sometimes applied to the other 
two sides of a right triangle. 

H* 
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enuael As the triangie Ilea, wUdi ade is the base, and 
which the perpendioular ? 

^ 59. y. The angle between a side of a polygon and an 
adjoining side produced is tenned an exterior angle of the 
polygon ; as GIK, in the figure above. 

a.) In taking the sum of the exterior angles of a polygon, 
only one side is produced from each angular point of the 
polygon, as in Fig. XXI. (^ 62). 

If, at any point, both sides were produced, how many ex- 
terior angles would be made? How would these compare 
with each other? 

b.) In distinction from the exterior angles, the angles 
within the polygon (commonly called simply the angles of 
the polygon) are termed interior, 

c.) <iGIK + <iGIH»AmL1»AmP? 99.3. 

How, tfien, are these angles related to each odier ? ao. 

Remark. An exterior angle is the supplement of its adjacent 
interior. 

la an acute-angled triangle, what kind of an angle is eadi 
exterior angle! In an obtuse-angled triangle? In aright- 
angled triangle I 

§ 60. VI. A straight line connecting opposite angles of a 
polygon is termed a diaoonal*. 
Name the diagonals in Fig. XXm. ($ 65). 

Proposition Vni. 

§ 61. I. Giverij any pol- 
ygon ABODE. 

Required^ the sum of its ^ 
interior angles. 




(g) Lat. dia^nSlis, from Or. St», through^ and y-Mv/M, angle. 
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From a point F within the polygon, draw a Btnight line to 
each of the angles, dividing the polygon into as many tdr 
angles as it has sides. 

The angles of each triangle =» hm L ! 64. 

.*. The sum of the angles of all the triangles ss Am L ? 

But the angles about ;>F ss Am L ? 99. 8. 

.'. The angles at A, B, C, D, and E, = AmL? 

.'. The interior angles of the polygon are together as twice 
as many right angles as the polygon has sides, wanting 
how many % 

§ 62. II. Given^ any pol- p , ^"'• 
ygon ABODE. 7^ /« 

Required J the sum of its ex- ^/ /fi 
terior angles. ^''cX / j 

% 

H 
Each interior angle -|- its adjacent exterior =» Am L ? m. c. 

.* . All the interior angles -f- all the exterior s= Am L I 
But the interim angles == Am L ? 61 . 

.* . The exterior angles ss Am L ? 

To the angles at what point in Fig. XX. (^ 61) are the ex- 
terior angles of a polygon ^ual ? 

§ 63. Theor. VIII. The interior angles of 
any polygon are together equal to twice as many 
right angles^ less four j as the figure has sides ; and 
the exterior angles are equal to four right angles. 

[Froyed by dividing the polygon into triangles, &c.] 
a.) The interior angles of a quadrilateral => AmL? =3 
Am^? of a pentagon? of a hexagon? of a heptagon ? of an 
octagon 1 of a decagon ? of a triangle (applying Theor. 

vm.)? 

How many sides has a polygon, if its interior angles are 
together equal to4L? if they ares=6L? =8L? s=b3L? 
= ieL? =16L? =13LI 
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In what kind of a pdy^n is the sum of the interior angles 
equal to the sum of the exterior? In what, is the sum of 
the interior angles half that of the exterior ? In what, twice 
as great ? In what, 3 times as great t 

b.) In an equiangular triangle, how many degrees does 
each interior angle contain? each exterior angle? What 
fraction of a right angle is each ? 

Answer the same questions in respect to an equiangular 
quadrilateral, pentagon, hexagon, octagon, and decagon. 

In equiangular polygons, as the number of sides increases, 
does each interior angle increase or diminish ? each exterior 
angle? 

In what kind of a figure is each interior angle twice as 
great as its adjacent exterior angle ? In what, equal ? In 
what, half as great ? In what, 4 times as great ? 

c.) Can you fill up the space about a point with equi- 
angular triangles ? how many ? with equiangular quadri- 
laterals? how many? with equiangular pentagous? with equi- 
angular hexagons ? how many ? 

Can you fill up the space about a point with equiangular 
polygcms of any other kind ? Why ? 

Which of these figures has the bee, that admirable geomr 
eter, adopted in the construction of its cell ? 

d.) If, in Fig. XXI. (^ 63), BAE »= 7a>, ABC = U(P, 
BCD = HOP, and CDE = 130°, *m° does each of the other 
angles of the pentagon, both interior and exterior, contain? 

If AEK = lOOP, BAF = 90P, CBG == 60P, and DCH = 
7(F, hm'* does each of the other angles of the figure contain ? 

If BAF = lOOP, BCD = 120P, EDI == 80P, and AED = 
90°, hm° does each of the other angles of the figure con- 
tain? 

^ 64. e.) flACD + aACB = ^'^• 

And aBAC + aABC + aACB =« /\ 

AmL? 54. . / \ / 

.-. ACD + ACB «» BAC -f- ABC /- )y ft 

■4-.ACB ? 20. a. 

ACD a» BAC + ABC ? »./. 
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Cor. Any exterior angle of a triangle is eqwd to the svm 
of the two interior opposite angles* It is of eouise greater 
thai! either singly. 

Draw CE | BA, and prore the same from Theor. T. 

Join AD ; and then (as the angles ^Lxn. ' 

of /ADC are together = the angles of 
/ADB) show, hy subtracting the same 
angles from both sums, that aACD s= 
aBAC + flABC. BCD 

Prove from this Corollary, that the sum of the exterior 
angles of a triangle is equal to twice the sum of the interior 
angles. 

§ 65. /".) Divide a polygon into tri- 
angles, by drawing diagonals from one of 
the angles ; and show, by this means, 
what is the sum of the interior angles. 





^ 66. ^.) FrompD of the polygon 
ABCD, draw DI || AG and DK g 
BH; and then show (^46), that the 
exterior angles of the polygon are 
equal to the angles about D, and are, 
therefore, bs4L. 

^67. A.) An interior angle of a 
polygon greater than 180° (convex in- 
wardly, § 11. 6), is termed re-entran;C^ 
(as, AED) ; and, in distinction, one 
less than 180^ is termed saUentK 

It is evident, that a re-entrant an- 
gle cannot have, in the strict sense of 
the term, an exterior angle ; since the 



XXIY. 




(h) Fr. rentrent, from tftt. ve-| €igam, and intio, to enter, (i) h. aaiieaa, 
epringing fortht projeciing. 
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angle made by one side with the other side prodaced falls 
within the figure. Still there is no need of excepting this 
case in the doctrine of exterior angles, if one distinction is 
only borne in mind ; viz. that, while the exterior angle mnst 
be added to a saUent angle to obtain 18(P, it must be sub- 
traeted from a re-entrant angle to obtain the same. The ex- 
terior angle of a re-entrant angle is therefore a negative 
quantity, and must be subtracted in obtaining the sum of the 
exterior angles of a polygon. 

§ 68. t.) That the exterior angles of every polygon must 
be equal to 4 right angles, is also evident from the considera- 
tion that, if we depart from the direction of CD (Fig. XXI. 
or XXm.), we must pass through the whole circuit of di- 
vergence (§ 10), before we can come round to it again ; and 
that it is indifferent how many bends we make in completing 
the circuit. Thus, in Fig. XXHI., the bend at D carries us 
from the direction of DE to that of DA ; the bend at A, 
from that of DA to that of DI (|| AG) ; the bend at B, from 
that of DI to that of DK (|| BH) ; and the bend at C, from 
that of DK back to that of DE. 

k,) In the case of a re-entrant angle, there is a turning 
back in the journey round, and a passing over the same 
ground twice. Thus (Fig. XXY.), afler passing from the 
direction of DF to that of DE, we turn back at E to the di- 



rection of DH (I 
direction of DI (| 



EK), and then proceed again at A to the 
AL). But in every journey, the distance 

travelled back must, of course, be subtracted from the whole 

amount, to ascertain the onward progress. 
If, in Fig. XXV., CBL = lOO', DCN = OOP, EDF = 

120P, and AEG = 50^, km ° does BAK contain ? hm ° does 

each interior angle of the figure contain ? 

/.) A polygon which has no re-entrant angles is termed 
a convex polygon. 
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Proposition IX. 

§ 69. I. Given, in tABC, 
AC = AB. 

Required, dB ^ aC. 

Draw AD bisecting*' a A. Then, as 
the triangles ABD and ACD have 
AB = AC, aBAD = aCAD, and ® 
the side AD common, /ABD m /ACD ? 

aB j»r aC? 

§ 70. II. CHvetiy in tABC, a 
AC > AB. 

Required, dB ^ aC* 

In AC, talce AD = AB, and join DB. 
Then, as AD = AB, B 

aABDss^aADB? 
Bat • ADB a» DCB (or ACB) ? 

ABD«»ACB? 
And ABC m ABD ? 

ABC»»ACB1 




XXYII. 




64. 

30. C. 



§ 71. III. Given, in tkBC, aB = 
oC. 

Required, AC «» AB. 

Must AC be either =, >, <wp < AB ? 
If AC > AB, then aB a» aCI 

Can, then, AC be > AB ? 
If AC < AB, then aB ft» aC ? 




(k) Lat. bia, in twOf and aeco, to cut, to divide Into two eqfual parta. 



XXUL 
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Can, then, AC be < AB ! 

AC»»AB? 331.*. 

§ 72. IV. Givenj in lABC, 
aB > oC. 

Required^ AC ^ AB. 

B 

If AC »: AB, then aB &» oC ! &. 

If AC < AB, then cB a» aC? 7i. 

ACft»AB? 

§ 73. Theor. IX. In a triangk^ equal sides 
subtend equal angles ; greater, greater ; and less, 
less, 

[Prored by dividing into identical trianglM, raductio ltd abaardom, 4cc.] 

a.) If a triangfe has two equal sides, how many eqtial an- 
gles has it ? If it has two equal angles, how many equal 
sides has it ? 

K the sides of a triangle are all equal, how do its angles 
compare with each other I If its angles are all equal, how 
do its sides compare with each other? 

If the sides of a triangle axe all unequal, how do its an- 
gles compare with each other? If its angles are all unequal, 
how do its sides compare with each other 1 

What equal parts has an isosceles triangle! an equilateral 
triangle ? a scalene triangle ? 

In the general proposition above are included the following 
particulars : 

( i . ) The angles at the hose of an isosceks tritmgk ore equal. 
(2.) A triangle which has two equal angles is isosceles, 
(3.) An equilateral triangle is also equiangular, (4.) An 
equiangular triangle is also equilateral, (5.) In a triangle^ 
the greater of two unequal sides subtends a greater angle ; 
and (6.) the greater of two unequal angles is subtended hy a 
greater side. 
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$ 74. b.) No8. 1 and 3 above may 
be also shown thus : 

(1.) Given, in ^ABC, AB »= AC. 

Let /abc ^represent ^ABC inverted. 
As the two tiiaiigles have the same 
angle at the vertex, and the adjar 
cent sides all equal, would they 
coincide, if applied to each other, AB to ac, and AG to 
ab ? 80. 1. 

aB ^ («C inverted) ? 

(2.) Given, aB = aC. 
As I ABC and ^bc (^ABC inverted) have the same base, and 
the adjacent angles all equal, would they coincide, if ap- 
plied to each other, B to c, and C to b ? so. ix. 

AB m ac (AC mverted) 1 

^ 75. c.) 1£ the legs of an isosceles triangle are produced, 
how do the exterior angles compare with eieh^ other 1 How 
do the exterior angles of an equilateral^ triangle compaiewith 
each other 1 of a scalene triangle? 

Each interior angle of an equilateral triangle = hm^} 
Each exterior angle ? 

To which class of angles (right, obtuse, or acute) do die 
equal interior angles of an isosceles triangle belong ? The 
equal exterior angles ! 

<^) If a right triangle (§ 55. c) is isosceles, hm° does eadi 
interior angle contain ? each exterior ? 

If the angle at the vertex of an isosceles triangle is 8(P, 
hm° does each angle at the base contain? each exterior an- 
gle of the triangle ? If the angle at the vertex is 40*^ ? 

If one of the angles at the base of an isosceles triangle is 
4(y, hmP does the angle at the vertex. contun? 

In an isosceles triangle, if- the angle at the vertex is given^ 
how do you find one of the angles at the base ? If one of 
the angles at the base is giveui how do you find the angle at 
the vertex ? 

I.ESS. GEOM. 7 1 
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An interior angle at the base of an- iaoaeeles triangle is 
what part of the exterior angle at the vertex t 

e.) In a right triangle, which is the longest side t , Why t 
In an obtuse triangle, which is the longest side ! 

Cor. \, hi a right triangle^ the hypotemue is always the 
longest side. 

( 76./.) As the triangles ABD and ACD (Fig. XXVI., 
$ 69) are identical, aADB ts» a ADC ? 

AD 8 BC? ». 

And BDswDCI 

Cor. II. A straight line bisecting the angle at the vertex cf 
an isosceles triangle is perpendicular to the base and bisects it. 

Proposition X. 

§ 77. Oweny anjr triangle 
ABC. 

Required, any one side »» 
the suiQ of the other two. a c 

Let BC be the longest side, or at least not less than either 
of the others. Produce BA to D, making AD »= AC ; 
and join DC. 

, As AC «= AD, flADC «» «ACD ? n, u 

ADCft»BCD? 

.-. In <DBC, BC a» BD! 7t. 

But, as AD =:r AC, BD «» BA + AC ? 

BCft»BA4-ACt 

§ 78. Theor. X. ^ny side of a triangle is less 
than the sum of the other two. 

[Prared by the aid of Theor. IX.] 

*79. a.) A8BC<BA4-AC, BC — ACa»BA? «.^. 
And BC — BAmAC? 




§ 80-82.] MSAsimE of iastancb. 



99 



Cor. I. J%e diffsrenee heheem any two skies of a triangle 
is less than the third side. 



zxxn. 




10. c. 



64. 



§ 80. b.) Given, OB and OC, drawn 
from any point O within ^ABC, to the 
extremitieB of one side BC. 

Required, BO + OC a» BA + AC ; 
and aBOC s» aBAC. 



Produce BO to P. Then OC ft» OP + PC 1 
.-. Adding BO, BO + OC »» BP + PC ? 
But BP«»BA + AP1 

.% Adding PC, BP + PC fl» BA + AC ? 

BO-UOCflwBA-f-ACI 

Again, aBOC s» tfOPC ? 

And, OPC »w BAC 1 

BOC ft» BAC 1 

CoR. II. Tloo straight lines drawn from a point within a 
triangle to the extremities of any side are together less than 
the other two sides, but contain a greater angle. 

^ 81. c.) Given, between the two Mxni. 

points A and B, the straight line AB, C p 

and any broken line ACDEB. j ^^ "• ^^ 3 

Required, AB ftw ACDEB. K 

Join AD and DB. Then AB «» AD + DB ? is. 

But AD s» AC + CD 1 and DB m DE + EB ? 

. AB s» ACDEB ? 

CoR. III. Between two points, a straight line is shorter than 
any broken line, 

^ 82. d,) Draw a straight line be- 
tween A and B. Draw a line be- 
tween A and B, having a single bend 
at C. Then /ACB «» AB ? 

How would the length of the line 
between A and B be affected by an 
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additional bend between A and C, as at D t by an additional 
bend between C and B, as at E ? by still additional beads 
between A and D, D and C, C and E, E and B ? by any 
additional bend that should be m&de in like manner between 
angular points that remain fixed ? 

Suppose the process continued, until the line bends at 
every point, or, in other words, becomes a curve (§ 5) as the 
dotted line ADCEB. Has each additional bend increased 
the length of the line t 

How, then, does the curve ADCEB compare in length 
with the straight line A6? with the broken line ACB? 
with the broken line ADCB ? with the broken line ADCEB t 
with each broken line that is formed by the continued pro- 
cess ? with any broken line between A and B whose angular 
points should all be in the curve ? 

CoR. IV. Between two paints^ any curve line is longer than 
a straight line, and longer than any broken line whose angtdar 
points are aU in the curve. 

§ 83. 6.) CoR. y. It follows from ^^ 81 and 82, that 

A STRAIGHT LINE is the shoTtest distance between two 
points. 

Hence, a straight line is the measure of distance (some- 
times termed simj^y the distance) between two points. 

§ 84. /.) Prove Theor. X. by bi- ^'^cxv. 

secting aBAC, and by showing (since 
BDA > DAC, and, therefore, > 
BAD) that BA > BD, amd in like 
manner, that AC > DC (^^ 64, 
73). 
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Pbofosition XI. 

§ 85. Given, between A and 
BC, AD -^ BC, AE and AF 
meeting BC at equal distances 
from D, and AC meeting BC at 
a greater distance from D than 
AE or AF. 

Rtquirti^ AD «» AE «» AF «» AC. 

(1.) In the right triangle ADE, aAED m aADE ? 

AD«»AE? 7a,7».e. 

(2.) Can yon show that the triangles ADE and ADF are 
identical 1 ». i. 

A£ft»AF! 

(3.) In /AFC, flACF «w aAFC ? Why 1 

AF (or its equal AE) a» AC I 

§ 86. Theob. XI. OJ the lines that can be 
drawn to a given straight line from a point without, 

(1.) The perpendicular is the shortest. 

(2.) Of oblique lines, those which meet the given 
line at equal distances from ths- perpendicular art 
equal ; and (3.) those which are nearer the perptn-- 
dicular are shorter than those which are more re- 
mote. 

[Prored by aj^lylng Theor. IX., Ice.] 

§ 87. a.) Hence a perpendicular is the measure of distance 
between a point and a straight line. Compare § 83. 

§ 88. b,) The converse of this ThoOTem may be readily 
shown; thus, 

(1.) If AD is the shortest line that can be drawn from A 

I* 



to BCy it k -^ BC ; for, otfaerwiae, a perpendjculai oonld be 
drawn which would be shoxter. 

(2.) K AE = AF, then DE = DF; for, if DE were > 
or < DF, AE must be > or < AF. 

(3.) If AE < AC, then DE < DC ; for if DE weie « 
or > DC, AE most be = or > AC. 

§ 89. c.) Having drawn, froai A to BC, the perpendicular 
AD, draw any other line AE. Show, by comparing the 
angles ADE and AED, that AE cannot be -^ BC. See 
§60. 

Show the same, by comparing the exterior angle AEB 
with the interior opposite angle ADE. 

How many lines can be drawn from A to BC, making the 
two adjacent angles equal ? 

As an oblique line between A and BC is drawn &rthez 
fix>m the perpendicular, does it make the adjaeent angles 
more or less unequal (or, in other words, does it meet BC 
more or less obliquely) ? 

§ 90. d,) Besides AE, can you draw another line from A 
to BC, equal to AF ? How many lines can you draw from 
A to BC, equal to AC ? 

Can two lines drawn from A to BC upon the same side of 
AD be equal to each other ? 

Can, then, three equal lines be drawn from A to BC ? 

Con. I. Of the strmght lines that can he drawn to a gwen 
ttraighi Une from a point without, — (1.) no three can he 
egiud; and (2.) any two that are equal must he upon opposite 
sides of the perpendicuiar. 

§ 91. e.) CHven, any point D in 
DE drawn -^ AB through C, the 
middle point of AB ; and any point 
F, not in DE. 

Required, DA s» DB; and FA* 

As DA and DB meet AB at equal 
distances from the perpendicular 
DC, DA ftw DB ? 86. 3. 
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From G (where FA crosses the perpendicular), draw GB. 
Then, FG + GBswFB! 78. 

Bat GB a» AG1 

FG + GA (or FA) «» FB ? 

Cor. II. If through the middle point of a given straight 
line a perpendicular be drawn, any point in that perpendicular 
will he equally distant from the two extremities of the given 
line ; and any point without the perpendiciUar will be unequaUy 
distant, 

§ 92. /.) Given, in DE (Fig. XXXVII.), any two points 
D and G, each equally distant from the two extremities of 
AB. 

Required, BE H AB ; and AC issf AB. 

If no point not in the perpendicular drawn through the mid- 
dle of AB can be equally distant from A and B, then in 
what line must the points D and G both lie % 9U 

Can any other straight line pass through them both, exoept 
DE ? ^6. a. 

DE g AB1 and ACswCbT 

Cor. III. If any two points of one straight line are each 
equally distant from the extremities of a second, the first line 
will bisect the second at right angles, 

g,) Hence, if one straight line passes through the middle 
of a second, and any other point of the first is equally distant 
from the extremities of the second, what angles do the two 
lines make with^each other % 

§ 93. h,) In an isosceles tri- 
angle, 

(1.) How does a perpendicul^ 
drawn from the vertex to the bas^ 
divide the base ? 88. 3. 

(2.) What angles does a line 
drawn from the vertex to the mid- B D C 

die of the base make with the base ? 93. g, 

(3.) If a perpendicular be raised from the middle of the 
base, will it pass through the vertex ? Why ? 91. 
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In any ttiangk not isosoelM, will s perpendicalar laised 
from the middle of the base pass through the yertex T / 

If ADB and AGB (Fig. XXXYD!.) are two isosceles tiir 
angles upon the ^ame base AB, how will the straight line 
DE passing through their vertices divide the base ? at what 
angles? 

Proposition Xn. 




§ 94. I. Given, in two ^^^"' 

triangles ABC and A^D, 
AB = AB, and AC = 
AD, but oBAC > 
aBAD. 

Requiredy BC «» BD. 

Of the two sides AB and AC, let AB lye that which is not 
kmger than the other. Then place /ABD upon /ABC 
with AB upon AB. 

A8AB = Gr<AC, aACBft»tfABC? to. 

But AFC »» ABC ? 64. 

AFCa»ACF1 

ACswAF? 7a. 
As AD = AC, must pi) fall without /ABC ? 

Join CD. Then, as AC = AD, aADC «» aACD ? to. a. 
But BDC ft» ADC, and ACD ft» BCD ? 

BDCayBCD! ao.c. 

BCft»BD? TO, 

§ 95. II. Oiven, in /ABC and (ABD (Fig. 
XXXVIIL), AB = AB, and AC = AD, but 
BC > BD. 

Required, aBAC «» aBAD. 

If BAC = BAD, then BC «» BD 1 40. 

And if BAC < BAD, then BC a» BD ? 94. 

BAC aw BAD I ss.^. 
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§ 96. Theor. XII. In triangles agreeing in 

two sidesj the greater included angle is subtended 
by the greater third side, 

[Proved by superposUkm with the aid of Theor. QL, and by reductio ad 
abeurdum.] 

^ 97. Remark. In § 94, we might proceed thus, without 
joining CD ; 

AF + CF »» AC, and FD -|- FB sw BD? 78. 

.-. AD(=AF-f FD)+BC(=CF+FB)«»AC4-BDI ».e. 

.-. AsAD = AC, BCs»BD? ao.^'. 



PsoPosiTiON XnL 

§ 98. I. Given, two 
triangles ABC and 
DEF agreeing in the 
three sides ; viz. AB 
= DE, AC = DF, 
and BC = EF. 

Required, lABC «» iDEF. 

If(iA>aD, thenBCftHrEF? M. 

If aA < dD, then BC »y EF% 

dA anr aD? > M.b, 

Can you now prove that the two triangles are identical ? S9. i. 
Name each pair of equal angles. 

A.) THangles agreeing in the three sides are identical, 

§ 99. II. Given, two triangles ABC and DEF 
(Fig. IX., § 98) agreeing in two angles and the 
side opposite to one of them ; viz. aA ass oD, aB 
= aE, and BC = EF. 

Required, tABC «» «DEF. 
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As aA ==> oD, and aB « aE^ aCasruFt m.c. 

tABC m *DEF? ». n. 

B.) IMcmgles agreeing in two angles and the side oppo- 
site to one of them are identical. 

§ 100. III. Given, ^ ^^'^ 

two triangles ABC and as,^^ 
ABD agreeing in two / ^v^ 

sides and the angle op- g 

posite to one of them ; 

viz. AB= AB, AC = AD, and aABC=aABD. 

Required, tABC «» /ABD. 

Place tABC upon /ABD with AB upon AB. As oABC 

= flABD, where wiD BC fell ? 
rrom A draw AE -J- BD. 
(1.) Let AC (= AD) be not less than AB. Then can 

either AC or AD fell between AB and AE 1 8i. 8. 

Must, then, AC and AD both fell upon ^e same side of 

AE ? As AC is equal to AD, can it fell anywhere else 

except upon AD ? 88, so. 

Where must C fell ? 

/ABCft»/ABD? 

(3.) Let AC (= AD) be < AB. 

Can AC or AD now fell between AB 
and AE ? 88. 

If both AC and AD fell upon the same 
side of AE, must they form the same 
, line? 88,90. 

f Are the given triangles in this case identical ? 

If AC and AD fall upon opposite sides of AE, as in the 
figure abore, then /ABC vsx /ABD ? 

As AC s= AD, what kind of a triangle forms the difierence 

between /ABD and /ABC1 
What kind of an angle is ACB? ADB? 




§ 101, 102.] ii»irricAL triangles. ]<y7 

If AC and AD should be = A£, where would C and D 

then faU ? e«, 89. 

Would the triangles in this case be identical t What kind 

of triangles would they be ? 

C.) Two triangles agreeing in two sides and the angle op- 
posite to one of them are identical; except when the given an- 
gl$ is opposite to the less of the two given sides, and the angle 
apposite to the greater side is obtuse in one of the triangles and 
acute in the other, 

a.) Can a right angle ever be opposite to the less of two 
sides of a triangle ? 7ft. e. 

Can, then, the uncertainty aboye ever arise in a right tri- 
angle % 

Right triangles agreeing in any two Uke sides (§ 58) are 
identical, 

b,) Can the uncertainty ever arise, when the given angle 
is obtuse t 

^ 101. We have now considered (^^ 39, 40, 98- 100) all 
the cases m which triangles agree in three similarly situated 
and independent parts (meaning by independent parts those 
which are not determined by others that are given, and of 
course excluding from the number the third angle, as it is 
determined by the other two, § 54). The result may be 
expressed in the following general theorem, which, how- 
ever, must be, received with the qualification above stated 
(§ 100. C). 

Theob. XIII. Triangles agreeing in any three 
similarly situated and independent parts are iden- 
tical. 

§ 103. a.) If triangles agree in the three angles, can you 
determine from this that they are identical ? 

K simply the three angles of a triangle are given, can you 
determine any thing in respect to the size of the triangle. 

h.) The following direct mode of proof might have been 
employed in § 98. 
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In the triangles ABC and DBC, let ^^-^ 

AB = DB, AC = CD, and BC (a ^ 

side not less than either of the atheza) ^y^ . 

= BC. B <r 

Unite the triangles as in the %ore, and ^\ 

join AD. Show (as BC is not less ^ 

than AB or AC), that AD isnst faU between B and C. 

As AB i« DB, aBAD m aBDA ? as. 

As AC = CD, oCAD a» oCDA ? 

flBAC fssf «BDC'I ao. d. 

tBAC a» tBDC ? 



§ 103. Definition. A quadrilateral of which 
the opposite sides are parallel is termed a paral- 



LELOGRAM^ 



Peoposition XIV. 



§ 104. I. Oivenj any paral- a *^"* b 

lelogram ABCD. 

Required, AB «» DC, AD «» 
BC, aB s» aD, and aA »» aC. 

DC 

Join AC. Then, as AB || DC, cB AC «» cDCA ? 46. c. 
As BC II AD, flBCA «» oDAC ? 

.*. As AC is connnon, *BAC «» ifDCA? 

AB fan DC, AD tat BC, and aB ft» aD ? 
And oA (= BAG + DAC) «» aC (= DCA + BCA) ? 20. d. 

§ 105. II. Given, in the quad- ^"'• 

rilateral ABCD, AB = DC, and 
AD = BC. 

Required, AB 8 DC, and j^ 
AD g BC ? 




^J^t9j' «'"P**-*''«>-o>'*«MA»«f, bounded by parallel lines, from w<»p«XA.ijX05, 
parallel, and r€»MMfi, line, r -> , 
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Jbia AC. Can you then show that the tifangles BAC and 
DCA are identical t fls. 

oBAC^rflDCA? .-. AB 8 DC! 40.c. 

And oDAC m aBCA? .-. AD 8 BC1 

§ 106. III. Gwen, in the quad- a "^^ b 

rilateral ABCD, aA =s aC, and 
aD ==:: aB. 

Requiredy AB 8 DC, and 
AB 8 BC. 

flA-t-«D + flC-f-flB s= AmLf es. a. 

oA + aD (= aC -f oB) = AmLT 

AB 8 DC? 49. c. 

And aA + aB = AinL? .-.AD 8 BC? 

§ 107. IV. Given^ b the quadrilateral ABCD 
(Fig. XLII.), AB = and || DC. 

Required y BC ^ and 8 AD. 

Jbm AC. Then, as AB || DC, aBAC uu oDCA ? 48. c. 
.'. As AB «s CD, and AC ^ CA, <BAC m /DCAf 40. 

BCft»AD? 
And flACB tas aCAB ? .-. BC 8 AD ? 

§108. Theor.XIV. (1.) The opposite sides and 
angles of a parallelogram are equal; and (2.) any 
quadrilateral of which the opposite sides or (3.) the 
opposite angles are equal j or (4.) of which two sides 
are equal and parallel^ is a parallelogram. 

How many pairs of equal parts does each parallelogram 
contain ! 

§ 109. 0.) The two angles of a parallelogram adjacent to 

any side = AmL ? = Am° ? 46. e. 

If J then, one angle of a parallelogram is a right angle. 
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what rnoBt the other angles be t If one is acute! If one is 
obtuse? 

Must a parallelog:ram be either rightraagled thronghooty 
or oblique-angled throughout ? 

If any two adjoining sides of a parallelograin are equal, 
how do all the mdes compare with each other ? 

Cor. I. In a paraUelogram, if one of the angk$ is a right 
angle, aU are right angles ; and if two adjoining sides air^ 
equal, the sides are all equal. 

b.) If the angles of a paraUelogram are all equal, what 
Idnd of an angle must each be ? 

K, in an oblique parallelogram, each obtuse angle is double 
each acute, hm° does each angle contain? If each obtuse 
angle is triple each acute ? 

§ 110. c.) How many diagonals 
(§ 60) can be drawn in a parallelo- 
gram? 

How do the triangles into which 
a diagonal divides a parallelogram 
oorapare with each other ? 104. 

What parts have /ADC and the parallelogram ABCD in 
common ? /BAD and ABCD ? 

If a triangle and parallelogram have two sides and the in- 
cluded angle common, what part is the triangle of the paral- 
lelogram? 

Can a triangle and parallelogram haye a side and two adja- 
cent angles common? 

If a triangle and a parallelogram agree in three adjacent 
parts, what must those parts be? How does the triangle 
then compare with the paraUelogram in extent of surface, or 
area (§ 16. b) ? 

CoR. II. A diagonal divides a paraUelogram into two iden" 
ttcal triangles* Each of these has two sides and the included 
angle in common with the parallelogram. 
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$111. (rf.) How moBf parallelo- ^J^ 

^frams can be drawn having three 
adjaoent parts in common with a 
given triangle ABC ? 

Show what lines are drawn, and 
how, to complete each parallelogram. 

What parts are common to tABC 
and the parallelogram EC ? to ABC and BB ? to ABC and 
AF? 

What part is common to EC and DB f to EC and AF1 
toDBandAF? 

EAft»AD? DCft»'CF? EBs»BF? 109,30. a. 

How do the parallelograms compare with each other in 
area? 90.&. 

What part is ABC of each parallelogram ? 

How many identical triangles does the figure above pre- 
sent? 

If AB = 3 ft., BC = 4 ft., and AC = 5 ft., what are the 
dimensions of all the sides of each parallelogram ? What Is 
the perimeter (^ 36) of each parallelogram? 

If AB = 6 ft., BC = 8ft., and AC = 10 ft., what is the 
perimeter of each parallelogram ? 

If aABC = 90°, and oBAC = 50P, hrnP does each angle 
of each parallelogram contain ? How do all the angles of 
BD compare with each o^her ? 

If BAC = 60P, and ACB « 40P, hm° does each angle of 
each parallelogram contain ? If ABC » 90P, and ABF 
t= 126° ? 

§ 112. c.) If two par- ^"i- 

allelograms (as AC, EG) 
agree in one angle (e. g. 
D = H) and the includ- 
ing sides, show by super- 
position that they are 
identical. 

^ 113. /.) Show directly from Theor. V,, that the angles 
of every paralldogram are together = 4 L. 
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Can every triangle with an identical triangle form a pan!- 
lelogram ? ill. 

What new proof do yon find here, that the angles of a 
triangle are together = 2 L ? 

g,) Are the opposite angles of a parallelogTain like or 
unlike angles about parallels ? 
Is their equality, then, directly established by Theor. V. ? 

h,) The construction of the common paraUd rtder depends 
upon ^ 108. 2. 

§ 114. t.) When two parallels are **^' 

intercepted"* between two other par- 
allels (as IK and LO between IL 
and KO, or IL and KO between IK 
and LO), what species of quadrilat- 
eral is formed ? loa. 

.-. IKft»LO, orlLasrKO? 108. 

Cor. III. 7\oo parallels mUrcepied between two other par- 
oBeis are equal, 

^ 115. i.) In AB parallel to CD, ^ ^clvh. ^ 

take any two points E and F, and 
firom them draw EG and FH perpen- 
dicular to CD. ThenEG8FH?4P.a. 

EGft»FH1 m. " " 

What line measures tiie distance of p'E from CD 1 of p¥ 

fromCD? of/iGfiomAB? ofpHfrom AB? m. 

How, then, do E and F compare in respect to distance from 
CD ? How do G and H compare in respect to distance 
from AB? 

Could the same be shown in tespecX to any other points taken 
in AB or CD? 

CoR. IT. Two partdlels are everywhere equidistant^; and 
any perpendicular between two parallels is a measure of their 
distance. 

(m) Lat. iaterceptUB, taken in between, (n) L. iBqufcHitanB. 
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' Can paiallels ever approach or recede firam each oilier, 
conTorge or diTerge ? 

§ 116. /.) Prove from Cor. iv., that only one parallel to a 
given line can pass through a given point. 
Prove the same firom § 7 and ^ 6. h, 

§ 117. »».) If EG and FH (Fig. XLVII.) are given per- 
pendicular to CD and equal to each other, then AB g CD ? lOB. 

Cor. v. If any two points in one straight line are equi- 
distant from another straight line, the two lines are parallel, 

§ 118. n.) In AB incUned to CD xlviii. 

(§ 7) , take any two points A and E, ^r^^>^. ^ 

and make EF = AE. From A, E, ^' ™ 

and F, draw AC, EG, and FH per- li 

pendicular to CD ; and from E and i 

F, draw EK and FIL parallel to C^ q g — D 

DC. 

AsEK||FL, aAEK»yaEFI? 48. d. 

And, as AC || EG, aEAK »» aFEI ? 
,-. As AE = EF, *AKE sw ffilF, and AK a» EI ? 40. 
But, since EK, FL, and DC are parallel, and AC, EG, and 

FH are also paraUel, KC ^ EG, hC fssf IG m FH, and 

KLa»EI? 

What line represents the distance of A firom CD ? What 

. part of AC represents the distance of Efirom CD? ofF? 

What represents the difference between the distance of A 

from CD and that of E ? between the distance of E and 

that of F ? 

Are these differences equal ? 

Do you, then, make equal approaches to CD in going from 
A to E, and in going the equal distance from E to Ft 
On the other hand, do you recede equally from DC in 
going from F to E, and from E to A ? 
If any two equal distances were taken upon CD, could you 
i show, in like manner, that in these equal distances you 
approach or recede from AB equally ? 

LESS. 6£0M. 8 J* 
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. Do, theoy AB and CD approaeh eaoh otfaer on Ito one adde, 
and recede from each other on the other ade, nnifiinnly 
(i. e. equally in equal distanoea) % 

CoR. vi. IncHned siraighi Unes t^^froMh or recede from 
each other uniform^. 

$ 119. 0.) If AK (Fig. XLVm.) be a fourth part of AC, 
at what distance from A (i. e. at how many times the dis- 
tance AE) will AB and CD meet ? IfAK^iACUAC? 
AjACtiAoAC? 

Whatever part AK is of AC, can you so multiply AE, 
'^ that AB and CD will at length meet ? 

On the other side, is there any limit to the distance to 
which they will recede from each other if produced ? 

CoR. vii. If inclined straight lines are produced^ they will 
meet on tie one side, and wiU recede from each other without 
Umit on the other side. 

p.) If AB will meet CD, will all lines paiallei to AB meet 
all lines parallel to CD lying in the same plane? 

§ 120. q.) In Fig. XLVm., aBFH + aFHD «r SL? 
And aAFH + dFHC«y2Lf 

If two straight lines make, with a third, &e interior angles 
upon the same side greater or less than two right angles, are 
the two lines parallel or inclined ? 46. 

If produced, will they meet on the side on whieh the two 
interior angles are greater or less than two right angles ? 

As these interior angles difibr more fifom 2L, will the lines 
approach more or less rapidly ? 

As the interior angles upon the other aide difier more firom 
2L, will the lines recede from each other more or less 
rapidly ? 

In Fig. XLVra., oBFH m oFRC ? - 

And oAFHwflFHD? 

How do the alternate-interior angles (§ 42. a) which two 
jbdined straight lines make with a third line, compare with 
each other ? 
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Will t]i8 two lines meet, if pro^oed, upon the eUe of 4iie 
greater or the leas of these angles ?, 

As the in<eqiiality of these angles is greater, will, the two 
lines conyerge (or diverge) more or less rapidly ? 

r.) What angles in Fig. XLYIII. are equal to the angle 
which AB and CD would make with each other at the point 
of meeting ? 

Note. lines not actually meetmg are spoken of as mak- 
ing with each other the angle which they would make if pro- 
duced ; and this angle may be obtained either by producing 
the lines, or by drawing from any point in one a line parallel 
to the other. See \ 9. d. 

5.) In a right-angled triangle, if you diminish the ao^le at 
the base, what effect is produced upon the perpendicular? 
if you incprease it 1 

K you diminish the angle at the vertex, what effect is pro- 
duced upon the base ? if you increase it I 

Continue to increase &e angle at the veitea: until it be- 
'Comes a right angle, what efieet is then produced t 

K you increase the perpendicular, what effect is produced 
upon the angle at the basel upon the angle at the vertex? 
K you increase the base 1 

§ 121. t,) Given, two angles ABC 
and DEF, having the two sides of the — 
one parallel to the two sides of the 
other in the same order (i. e. as you 
pass round, the first side of the one 
being parallel to the first side of the 
other, and the second to the second) ; 
viz. BA II ED, and BC || EF. 

Requiredy ABC «» DEF. 

If those sides of the two angles which are not parallel do not 

abeady meet, will they meet if produced ? 
I^ FE meet AB at K. Then, ABC m AKE, and AKE 

mtDE^? 40. (. 

ABCftwDEF? 
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Ftodaemg €^ to C, or to F, oompaze in like manner 6HI 
(having GH || BA, and m | BC) with ABC or DBF. 

v.) Instead of producing the tsides of the angles in Fig. 
XLIX., join their vertices by drawing BEL and HB ; and 
then prove, by adding equals to equals, or by subtracting 
equals from equals, tibat ABC is equal to DEF, smd to 
GHI. 

§ 122. V.) Given, two angles ABC 
and DEF, having the two sides of the 
one alike inclined to the two sides of 
the other in the same order ; viz. AB 
having the same inclination to DE 
which CB has to FE. 

Required, ABC a» DEF. e" G 

Let AB meet DE at G ; and let CB meet FE at H. 
Then by hypothesis, CHF a» AGD ? 9. d, 120. r. 

.Draw IE t AG, and KE II CH. Then lEKm ABC? isi. 
As KE II CH, KEH ssy CHF ? 46. b. 

As IE I AG, lED ft» AGD ? 

KEH«»IED? 
Subtracting lEH common to both, lEK tas DEF? 

ABC »» DEF? 

Can you show the same by a comparison of the angles of 
the triangles ELG and BLH ? 
Hence (^^ 121, 122), 

§ 123. CoR. VIII. Tujo angles are equal, if the sides of the 
one are parallel or alike inclined to the sides of the other in 
the same order. 

Notes. (1.) This Corollary might be illustrated and de- 
monstrated in the same manner as Theor. V. in §^51, 52. 
(2.) The limitation "in the same order ^^ is essential, for it 
will be observed that, if the order is not the same (as in 
ABC and DEK, Fig. XLIX. ; or in DBF and CBL, Fig. 

L.), then the angles, instead of being equal, are supple^ 
mentary. 
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§ 1S4. Definitions. Parallelograms are 
divided into two classes with respect to their angles 
(§ 109) : I. Right-angled Parallelograms, 
or Rectangles'* ; and II. Oblique-angled 
Parallkloorams. Each of these classes is di- 
vided into two species with respect to their sides : 
1 . Thos^ uhich are equilateral ; and 2. Those 
ijohich are not equihUeral. 

An equilateral rectangle is called a Square' ; 
a rectoi^le whiek is not equilateral^ an Oblong'', 
or oftener simply a rectangle > An oblique par^ 
aUehgrmn {§ 55. c), if equilateral^ is caUed a 
Rhombus' or Lozenge*; if not equihiteraly a 
Rhomboid^ 

parallelograms. 

Class I. Class IL 



RECTANGLES. OBLIQUE PJiaALLBLOGRAMS. 



Species L ') 
Etiuitatend. ) 



Species 11. ) 

Not > Oblono. 
Equilateral. ) 




Rhokbvs.' 




RaomoiB 




Notes, a.) A quadrilateral is called a Trapezoid", when 
two of its sides are parallel ; and a Trapezium^, when no 
two are parallel. 



(0) Lat. rectus, rights and aagnlus, angle, (p) L. quadra, Fr. quarr6. 
(q> L. oblongus. («) Gr. ^hft^of, rhombs top, from ^if*^», to whirl, (s) Fr. 
loeagige, (t) 6r. poftionHtg^ i^ombua-HiBe, (u) Gr. rpMsri^eft^^;, table-like, 
from Tj»a-«^s», table^ and •?Jof, form, (v) Gr. Tfewrl^iov, sfnall (or ill- 
ahapect) table. There is a want of unlfiinnity in the use of the terms <rapft> 
Moid uid trapeMinm. 
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b,) la. a parallelogram, any aide may be taken as a base 
(^ 56). In a trapezoid, the parallel aides are regarded as 
bases (the one superior^, and the other inferior^). 

c.) The altitude^, or height, of a figure is the distance to 
the base from the opposite vertex or side. It is measured 
by a perpendicular let fall upon the base (§§ 87, 116). 
Hence, in a rectangle, and commonly in a right triangle 
(§ 58), one of the sides is the measure of the altitude. 

d.) By the square of a lincy is meant the square of which 
the line is one side. By the rectangle of two lines, or of one 
line into another, is meant the rectangle of which the two 
lines are adjoining sides. The rectangle is also said to be 
contained by these sides. 

0.) The rectangle of two lines which are equal is, of 
course, the same with the square of either. 

Proposition XV. 





§ 125. I. Given, any paral- ^ ^^' 
lelogram ABCD with its diag- 
onals intersecting at F. , 

Required y AV «» FC, and \/ 
BF ^ FD, 

AB «» CD ? 108. 

As AB il CD, aABF m oCDF, and aBAF «» aDCF ? 40. c. 

tABFa»tCDF^ 40. 

. AF issf FC, and BF tat FD? 

Show the same by comparing the triangles AFD and CFB. 

§ 126. II. Givefij in the ^ 
quadrilateral ABCD, the diag- 
onals AC and BD bisecting 
each other in O. 



XLV. 




Cw) Lat., upper, (x) LaL, foteer. (y) L. altitudo, haght. 
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40. 

49. C. 

lOT. 



Required, AB 8 DC, and AD 8 BC. 

What parts of /AOB = like parts of tCOJ) 1 
tAOB asf tCOD 1 .-. AB a» DC? 
And aB AO a» flDCO ? .-. AB g DC? 
As AB =» and || DC, AD «» and 8 BC t 

Or show by comparing ^AOD with ^COB that AD is = BC ; 
and that, consequently, ABCD (haying its opposite sides 
equal) is a parallelogram. 108. 9. 

§ 127. Theor. XV. The diagonals of a par- 
allelogram bisect each other ; and any quadrilateral 
in which the diagonals bisect each other is a paral- 
khgram. 

§ 128. a.) If ABCD be a square or 
rhombus, as AB = AD, and^ BF = 
FD, AC 8 BD? 92. 

What kind of triangles are AFB, 
AFD, BFC, and DFC ? u. 

How do these triangles compare with 
each other ? 

Cor. I. In an equilateral parallelogram the diagonals are 
perpendicular to each other, and divide the figure into iden- 
tical triangles, 

§ 129. b,) If ABCD be a rectangle^ ^"* 

what three parts of <BAD = three lik^ 
p«rts of /CD A 1 

.-. BDft» AC? .-. BF«» AF? 

What kind of a triangle, then , is FAB ? p 
FDC? FAD? FBC? 

CoR. II. In a rectangle, the diagonals are equal, and di-' 
vide the figure into isosceles triangles. 

Describe the triangles into which a square 
is diyided by its diagonals. 

§ 130. c.) Prove the converse of Cor. i., 
that a parallelogram whose diagonals cross 
at right angles is equilateral. 





USL 
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d,) Proye the convene of Cor. ii., that a paraUehgram 
whose diagonals are equeU is a rectangle, 

§ 131. e.) If BAD (Fig. LII.) is a zight angle, then AF, 
drawn fiom A to the middle of the hypotenuse BD, == -what 
part of BD? 

Conyeraely, if, in /BAD, AF, drawn fiom A to the middle 
of the opposite side BD, is » ) BD, then aBAD = hmP ? 

Henoe, as every right triangle is the half of a rectangle 
tt§ 111, 113./), 

Coa. III. In a right triangle^ the middle tf the hypetenuse 
is equidistant from each angle ; and convers^^ any side of a 
triangle whose middle is equidistant from each angle subtends 
a right angle. 

Into triangles of what kind is a right triangle divided by a 
straight Mne drawn from the right angle to the middle oi the 
hypotenuse ? 

$ 132. /.) Cor. III. may be also proved as follows : 

(1.) If BAD (Fig. LEE.) is a right angle, then oABF-j- 
aADF !stt aBAD ? m. 

But, if AF > FB (or its equal FD), then ABF m BAF, 
andADFs»FAD? 73. 

Then ABF + ADF m BAD ! 

And, if AF < FB (or FD), then ABF + ADF as BAD! 

AFa»FB(orFD)? as.*. 

(9.) If AF = FB = FD, then aABF m nBAF, and nADF 
m aFAD ? 18. 

ABF + ADF m BAD 1 ... BAD = hnP% 

§133. g.) If, 

in two parallelo- 
giams, th« diag- 
onals are equal, 
each to each, and 
cibBS at the same 
angles, prove that the parallelograms are identical. 




PART THIRD. 



JL. 

PROBLEMS. 

(134. Remarks. 1. The only instxumenU required for 
the following Problems are a Ruler for drawing straight 
lines, and Compasses or Dividers for taking or laying off dis- 
tances, and for drawing arcs of circles. The beginner may 
Bometimee need directions from his teacher in regard to the 
best method of holding or applying these instroments. K 
the Ruler is not at hand, a straight edge may be obtained by 
doubling over a piece of paper upon itself; and by doubling 
again this edge upon itself we obtain a right angle (( 35). 
A string or a small piece of wood with two pins in it may 
sometimes serre as a rude substitute for the Compasses or 
Dividers. 

§ 135. 3. As a means of determining distance, it is often 
necessary to draw arcs of circles. ^ circle is a plane 
figure, bounded by a line which is everywhere equally dis- 
tant from a point within called the centre. This line is 
called the drcamference, and parts of it are called arcs, A < 
line drawn from the centre to the circumference is called a 
radius. All radii, from the very definition of the circle, are 
equal. 

3. Every problem should not only be performed, but 
strictly demonstrated. In the actual construction of geo- 
metrical figures, from the imperfection of our senses and in- 
struments, absolute accuracy is of course impossible (( 5. g). 
Still we should make this our standard, and approach as near 
to it as may be. 
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LIT. 
C 



•ft 



S 






B 



Problem I. 

^ 136. To bisect a giixen straight line AB. 

From A and B as centres, witli a 
radius greater than half of AB, de- 
scribe arcs catting each other in G 
and D. Draw the straight line C£D. 
AB is bisected in E. 

If it is not convenient to obtain two 
points on opposite sides of AB, they 
may be obtained on the same side (as 
C and F) by using different radii. 

As the points C and D (or F) are ^ 

each equally distant from A and B, the line passing through 
them must be a perpendicular upon the middle of AB (^ 92). 

Problem n. 

§ 137. To erect a perpendicular to a straight line 
AB, at a given point C. 

From C lay off CD and CE equal 
to each other. Frcm D and E as 
centres, describe arcs cutting each 
other in F. Draw FC, which will 
be the perpendicular required. 

As F and C are each equally dis- 
tant from D and E, FC must be -L 
DE (^ 92). , 

§ 138. If the given point C ib at or near the end of the 
line, one of the following methods may be more convenient. 

SECOND METHOD. 

Take, as a centre, any convenient 
point P out of the line AB. With 
the radius PC draw the arc DCE, 
cutting AB in D. Through D and 
P, draw a straight line cutting this 
arc i» E. Draw EC, which will be 
the perpendicular required. 



LV. 
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LVI. 
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Because PC = PD = PE, oECD ^ 90o (§ 131). 
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THIRD METHOD. 

§ 139. From C as a centre, with any 
convenient radius CD, describe the arc 
DEF. In this arc take the points E 
and F, so that the distances DE and 
EF8haUbe = DC. From E and F as 
centres, with the same radius as before 
(or with any radius greater than half of 
EF), describe arcs cutting each other in ^ ^ C B 

G. Draw GO, which will be the perpendicular required. 

If straight lines were drawn joining DE, EF, and FC, 
they would be all equal to DC, the figure. DEFC would bo 
a parallelogram (§ 108). Therefore, EF || AB. But, as 
G and C are each equally distant from E and F, GC -L- £F 
(§ 92), and therefore -L. AB (^ 46. a). 

Problem m. 

^ 140. From a given point A without a straight 
line BC, to let fall a, perpendicular upon that line* 

From A as a centre, with a radius 
greater than the distance to BC, de- 
scribe an arc cutting BC in D and E. 
From D and E as centres, describe 
arcs cutting each other in F. Draw B 
AF, which will be the perpendicular • 
required. 

As A and F are each equally dish f 

tant torn D and E, AF -L- DE (§ 92). 

SECOND METHOD. 

§ 141. If A is nearly opposite the ^^'' 
point C, draw AD obliquely to BC, 
and bisect it in P. From P as a 

centre, with the radius PA, describe ly' 
an arc cutting BC in E. Draw AE, 

which will be the perpendicular re- \y' 

quired. ^ *'• r-- 

Because AP = PD == PE, aAED = 90p (§ 131). 
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THIRD MSTHOD. 

§ 142. In BC take any two points *•**• ^ 

B and D ; and from these as centres, 
with the radii BA and DA, describe 
arcs cutting each other in E. Draw 
AE, which will be the perp^idicolar ^^ 
required. * 

As B and D are each equally dift^* 
tant from A and E, therefore BC «^ i^ 

AE (§ 92). -^ 

Note. In drawing perpendiculars^ the instrument called a 
square is conyenient. 

Problem IV. 

§ 143. Through a gwen point A, to drmo a parallel 
to a given straight line BC. 

From A as a centre, with * a. '^ e 

radius greater than the distance 
to BC, describe the arc DE. 
From D as a centre, with the 
same radius, describe the arc AF. . ^ 
Take DE = AF, and draw AE, 
which will be the parallel required. 

For, if AD be joiAed, as DF = AD «= AE, and straight 
lines joining DE and AF would be equal, therefore oDAE 
= the alternate aADF (§ 98). .-. AE || BC {§ 49. c). 

Note. In drawing parallels, the instrument called a parol* 
Id ruler is conyenient. 

Problem V. 

^ 144. At a given point A in a line AB, to mak^an 
angle equal to a given angle D. 

From D as a centre, with any radius, describe an are 
cutting the sides of the angle in E and F. From A as a 



E 
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centre, with the same radios, ,; ''^* 

describe an arc GH. In this 
arc, take H at the same dis- 
tance from 6, that E is from« 
F ; and draw AH. HAB is 
the angle required. 

As AH = AG s= DE = DF, and as straight lines joining 
HG and EF would be equal, a A = aD (§ 98). 

Problem VI. 

§ 145. To bisect a given angle A. 

From A as a centre, with any radius, 
describe an arc cutting the sides of the an- 

. gle in B and C. From B and C as cen- 
tres, with, a radius greater than half the 

. distance between B and C, describe arcs 
cutting each other in D. Draw AD, 
which bisects the arc. 

If BD and CD be joined, we have two D 

triangles which agree in their three sides. Therefc^re, nBAD 
= flCAD (§ 98). 

Problem VH. 

§ 146. Tioo anglet of a irtanghj A and B, heing 
giveUy to describe the third angle.' 

Take any point E in any line DEF. ^ ^^''g 
and make aDEG =^ aA, and aCEG = 
aB. Then, as the three angles of a tri- 
angle are equal to 180^, oGEF must be j. ^ „ 
equal to the third angle (§ 54. b). 

Problem VIQ. 

§ 147. To describe a triangle^ two sides and the in- 
etuded angle being given. 
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Dnw AB equal to one of the giTm 
aides ; make the angle BAC equal to 
the given angle, and AC equal to the 
other given side ; join CB, and ACB is 
the triangle lequiied (§ 40). 



Lzrr. 




hxvr. 



Problem DC. 

^ 148. To describe a triangle^ a Me and two on- 
gles being given. 

Draw AB equal to the given side. 
Make, at A and B, either the two given 
angles, or one of these and the third an- 
gle of the triangle (§ 146), as the case 
may require. Extend the sides, which 
with AB form these angles, until th^ 
meet at C. Then ACB is the triangle leqnixed (§§ 40, 99). 




LXV. 




Problem X. 

% 149. T6 describe a triangle^ the three sides being 
.gweu* 

Draw AB equal to one side. From 
A and B as centres, with two radii 
equal to the other two sides, each to 
each, descrihe arcs cutting eiUiAi other 
m C. Join CA and CB, and ACB 
is the triangle required (§ 98). 

Problem XL 

^ 150. To describe a triangle^ two sides and an an' 
gle opposite one of the sides being given. 

Draw AB equal to the given side adjacent to the given 
angle. From A draw AD making at A the given angle. 
From B as a centre, with a radius equal to the c^ven cide 
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Qffpoeate the giyeo aag^, desoribe an '^^'' 

arc cuttiDg AD in C. Join CB, and 
ACB is the triangle zequiied. 

K BC 18 less than AB, and the an- 
gle ACB is not a right angle, this 
problem has a doable solution, as the 
described arc "will then eat AD in two 
points (§ 100). 

PROBLEM XII. 

§ 15i. To describe a paraUdogrtan^ an angle and 
the including sides being giieen* 

Draw AB eqnal to one of the 
given sides. From A draw AD 
eqnsl to llie other given side, and 
making at A an angle eqnal to 
lihe given angle. From D as a 
centre, with a radius equal to AB, 

and firom B as a centre, with a radius equal to AD, describe 
arcs cutting each other in C. Join CD and CB, and ABCD 
is the parallelogram required. 

If the opposite sides of a quadiilatora! are equal, it is a 
parallelogram (^ 108). 

RzMARSs. 1. If proferred, instead €f describing the ares 
at C, DC may be drawn | AB, md BC \ AD, acooiding to 
Problem lY. Or DC may be drawn || and «= AB, and liien 
CB be joined. 

2. To draw a leelsngle whose base and aMtode are given, 
{HTOceed as ahove, observing that AD is to be drawn -^ AB. 

3. To draw a rhombus upon a given line and with a given 
angle, proceed as above, observing that the sides are to be 
all made equal. 

Problem XlU. 

§ 152. XJpon a given line AB, io describe an equi- 
lateral triangle. 
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From A and B as centroa, with the lar 
dias AB, describe arcs cutting each other 
in C. Join CA and CB, and ACB is the 
triangle requiired. 



Problem XIV. 

^ 153. Upon a given line AB, to describe an isos* 
cehs triangle of a given altitude. 

Bisect AB in C. Draw CD -i- 
AB and equal to the given altitude. 
Join DA and DB, and ADB ia the 
triangle required. 

The point D, lying in a perpen- 
dicular drawn through the middle of 
AB, is equally distant from A and 
from B (§ 91). 




LZIX. 




Problem XV. 

§ 154. Upon a given line AB, to describe a square. 

Draw AD perpendicular and equal to AB. 
From D and B as c^itres, with a radios equal 
to AB, describe arcs cutting each other in C. 
Join CD and CB, and ABCD is the square 
required. 

The sides are aU equal and consequently parallel (§ 108) ; 
and as aA s=s 9(P, aU the other angles most be the same 
(^ 109). 

Problem XVI. 

^ 155. Upon a given line AB, to describe a triangle 
or a parallelogram of a given altitude and having a 
given angle at A. 
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Draw CD -i- AB and = the 
giyen altitude. Through D draw 
EF y AB. Draw AG makiag at 
A the giyen angle. Then if a tri- 
angle is lequired, join GB. K a 
parallelogram is requlied, take GF 
= AB and join FB (^ 108). 




Problem XYIl. 

§ 156. To trised* the right angle ABC. 

In BC take any point D, and upon 
BD describe the equilateral triangle BDE 
(§ 152). Then bisect a£BD ($ 145), 
and (since iiEBD =» } L, $ 63. b) oABC 
is trisected. 

(z) lAt. im, tkmtt andtecOi It eirt, todi?lde into time oqinal paita. 
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§ 157. I. Given, two ^ b a ''"'' b e 

parallelograms, ABCD 
and EFCD, agreeing 
in base and altitude ; 
viz. DC= DC, and ^ ^^ ^ 

the distance of AB from DC = distaace <^ EF 
from DC. 

Required^ ABCD «» EFCD. 

Place ABCD upon EFCD with DC upon its equal DC. 
WiU AB and EF He in the same straight line ? Why? 
And AB »» EF ? iob. i. 

AE (= AF — EF) »» BF (= AF — AB) 1 ao./. 
Can you now show that the triangles AED and BFC are 
identical ? 46. ^, 40. 

But if, from the whole figure AFCD, you subtract ^BFC, 
what remains? K you subtract /AED from the same, 
what remains? 

ABCD «» EFCD? »./. 

§ 158. II. Given, the tri- ^ ™i> ^ 

angle ABC, and the paral- a* y/ j 

lelogram DEFG, agreeing in / y / / / 

base (BC = GF) and alti- / \/ / / 

tude. B c o F 
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Required, <ABC «» DEFG. 

ComplAe the parallelogram AHCB\ Then, tABC = what 
paxtofHBI 111. 

But HB ft» EG 1 167. 

^ABC = what part of EG? ao.A. 

§ 159. III. Giveny *ABC and 
<DEF agreeing in base (BC = 
KF) and altitude. 

Required, tABC aw iDEF. 

B CS F 

/ABC and ^DEF are each s= what part of a parallelogram 
of the same haae and altitude ? 

^ABC«»/DEF? so.*. 

§160. Theor. L (1.) Two parallelograms, or 
(2.) two triangles, agreeing in base and altitude, 
are equal ; and (3.) a triangle is half of a paral- 
lelogram of the same base and altitude. 

[Proved bj meaas of ■uperpoaition and identical triangles.] 

§ 161. a.) Given, two parallelo- ^ ^ ^"^h 
grams, ABCD and EFGH, agree- 
ing in altitude, but AB > EF. 

Required, ABCD a» EFGH. > 1 ^- 

A I B E P 

Take AI = EF, and draw IK f AD. Then, AIKD im 
EFGpi ,a„. ,, 

But ABCD flw AIKD? .-. ABCD » EFGH? so. J. 

h.) Given, two parallelograms, j. lxxvi. 

ABCD and EFGH, agreeing in f ] 

base, but ABCD exceeding in alti- ^ /' 1^ ^ 

A B E F 




tude. 
Required, ABCD a» EFGH. 



n 



Draw DC || AB, and at the same distance from AB, that GH 
is from EF. Then, ABIK ft» EFGH ? leo. i. 

But ABCD f» ABIK ? .-. ABCD a» EFGH ? 




A 



c.) As a triangle is half of a pnajklogzanl of the aame 
base and altitude, will the pame leasoning apply to«two tzi- 
angles agreeing in one of these dimensions, but not in the 
other ? Hence, 

d,) Cor. i. ff two parallelograms , or two triangles^ agree 
either in base^ or in cititude, that which exceeds in the other 
dimension is the greater of the two. 

§ 169. c.) Given, two ^ ^ *•»£& ^ ^ 

paraUelograms, ABCD and 
EFGH, agreeing in area 
and altitude. 

Required, AB m £F. 

IfAB>EF,then ABCD ft» EFGH? 

And ifAB<EF, then ABCD «» EFGH? 

ABiti^EF? n.h. 

Can yon show in like manner, that, if two paraHelograms 
agree in area and baae, they most also agree m altitude ? 

Apply the same reaaoning to two triang^. 

Cor. II. TjT two parallelograms, or two triangles, of the 
same area agree either in base, or m altitude, they also agree 
in the other dimension,, 

f.) Show, in like manner, the following, which is the oon^ 
▼erse of Cor. r. : 

CoK. III. ff' two parallelograms, or two triangles, agree 
either in base, or in altitude, the greater of the two eaxeeds in 
tlie other dsmension^ 

§ 163. g,) Given, a parallekh ^*^^"' 

gram ABCD, with a line ^brawn 7 ? ' ^ ? " ""^ 

parallel to AD and including / / / / / 

with AD a certain part or mul- / / / / 

tiple of the base AB. ' age b ;"'l 

Required, the part or multiple of ABCD which is included 
between this line and AD. 

(1.) Let the parallel be EF, so drawn that AE = fAB. 
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BijEwet AS in G, and draw 6H | AD. Then AG m G£ 
^ GB1 

DGft»HE»»FB1 i«.i. 

DE = what part of DB ? 

If AE were any other part of AB, could it be shown, in like 
manner, that DE would be the same part of DB t 

(2.) Let the parallel be IK, so drawn that AI ^a: 2AB. 
Then AB ftw B11 .-. DB «» CI? 

Dl = what multiple of DB ? 

If AI were any other multiple of AB, could it be shown, in 
like manner, that DI would be the same multiple of DB 1 

(3.) Show the eonirerae of the above ; that, if DE »= |DB, 
then AE = f AB ; and, if DI « 2DB, then AI =» SAB. 
See Cor. ii. 

CoR. IV. A parallelogram and its hose cere divided or mul- 
tiplied oMe hy lines dtAxam parcdld to a side adjoining the 
hose. 

If AE (Fig. LXXYii.) were t of AB, what part would 
DE be of DB 1 If AE = SAB, then DE = what part of 
DB? K AI = 3AB, then DI = AmDB I IfAI»=2lAB, 
then DI = ^DB ? 

^ 164. A.) Show, in like manner, that ^ijcxthi. ^ 

the parallelogram ABCD, and its altitude 
OP, are dirided or moHiptied alike by EF 
or IK drawn parallel to AB. 

CoR. Y. A parallelogram and its altitude 
are divided or multiplied aUke by lines drawn < 
parallel to the base, 

^ 165. i.) In making the^ comparison in ^^ 163, 164, does 
it make any difference whether you take aai actual part or 
multiple of ABCD, or a separate parallelogram of the same 
base and altitude with such a part or multiple? 160, is. r. 

Since a triangle is half of a parallelogram of the same base 
and altitude, will triangles be afiected in the same way as 
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pandlelograms, by a multiplieadon or diYieion g£ the base or 
altitude ? 

Hence the two pzeoeding oorollanes inay be thus gen- 
eialized: 

Cor. VI. (1.) ytwo parallelograms, or two triangles, agree 
in altitude, the one is the same multiple or part of the other, 
which the base of the first is of the base of the second; or 
(2.), if they agree in base, the one is the same multiple or part 
of the other, which the altitude of the first is of the altitude of 
the second. 

How do two parallelograms of the same altitude, A and 
B, compare in area, if the base of A is double the base of B ? 
if the base of A « | of the base of B I a: dt of the base of 
B? »fiofthefaaseof Bf 

How do two triangles of the same base, C and D, compare 
in area, if the altitude of C is half that of D ? if the altitude of 
C = 2} of the altitude of D? ^ the altitude of Dl == 99^% 
of the altitude of D ? 

How do a parallelogram E and a triangle F of the same 
altitude compare in area, if the base of E is equal to the base 
of Fl if the base of E = i of the base of F? = 4 times the 
base of F? = | of the base of F ? 

How do a parallelogram G and a triangle H of the same 
base compare in area, if the altitude of G is half that of H ? 
double that of H? i that of H? 6 times that of Ht 

How does a line drawn from the middle of any side of a 
triangle to the opposite angle divide the triangle 1 



§ 166. In any measurement, the unit* is that 

which is made the standard of comparison, .and 

which, in reckoning, is counted one. 

Thus, if yon measure by feet, the linear unit, or unit of 
length (§ 16. a, h), is 1 foot. What is it, if you measure by 
yards 1 by rods 1 by miles ? by inches 1 



(«) Lat. unltM, onenns^ the nvmb&r one. 
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§ 167. With which of the regular polygons can you fill up 
the space about a point ? 68. c. 

In which of these is the base equal to the altitude ? In 
which are the angles right angles ? 

What polygon, then, \b the best fitted of all to be the gen- 
eral standard for the measurement of surface ? 

§ 168. In meastiring surfaety the 

UNIT is the square of uhich one side 

is the linear unit. 

Thus, if you measure by inches, the 
superficial unit, or unit of surface, is a 
square inch. What is it, if you measure by feet? by yards? 
by rods ? by miles ? 




Proposition H. 



§ 169. Giveny any rectangle 
ABCD. 

Required^- the measure of its 
surface. 



LXXIX. 



F 
A 



.J.—" 



B 
B 



XHyide AB the base, and AD the alti- 
tude, into units of length (as inches) ; and through the 
division-points draw parallels to AD and AB. 

If these parallels are an inch apart, into figures of what kind 
is ABCD divided t Prove that these figures are all 
squares. 

K AB is 4 inches, how many square inches does the rec- 
tangle ABBF contain? 

If AD is 3 inches, how many times ABEF is the whole rec- 
tangle ABCD ? 165. 

How many square inches, then, does ABCD contain 1 How 
do you obtain this number ? 



1S6 
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•If AB k 4i incheB and AD Si 

inches, how many square inches 

does ABEF contain, and how mar 

ny times ABEF b ABCD ? How 

many square inches, then, does 

ABCD contain? How do you 

obtain this number? 
Will the same method apply > whateTor may he the umt, and 

whatever number of units, or parts of the unit, AB or AD 

may contain? ^ 

In all cases, then, can you obtain the number of superficial 

units in a rectangle, by multiplying the number of linear 

units in the base, by the number of linear units in the alti- 
tude? 

§ 170. Theor. II. The measure of a rectangle 
is the product of its base and altitude. 

[Proved by dfviadon into units.] 
a.) When we sa]m>that the area of a rectangle is obtained 
iy multiplying the base into the altitude, it is not, of course, 
meant ^at lines axe converted into surfaces b;^ the mukipG- 
cation, or that one line can, properly speaking, be multiplied 
by another line ; but simply that as many units of surface, 
as there are linear units in the base^ are repeated as many 
times as there are linear units in the altitude. 

§ 171/ b,) May any side of a rectangle be taken as the 
base? When the base is determined, what will represent 
the altitude ? im. ft, c 

In a square, ibe base sat liie altitude? the product of 
the base into the altitude istt the product of the base into 
itself? 

Hence, the measure of a rectangle is the froduct of any two 
adjoining sides (or it may be said to be £^ product of the 
length into the height or width) ; and the measure of a square 
is the product of any side into itself 

c.) From the mode of obtaining its measure, the rectangle 
of two lines (as AB^uid BC) is often written thus ; AB X 
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BG, or AB . BC. la like nuumer the square of a line (as 
AB) is often written thus : AB'. See ^ 12. 

d.) Since, in the comparison of magnitudes, an ec|aal may 
always take the place of its equal (§ 18. a), a square or rec- 
tangle may be said to be the square or rectangle of any lines 
to which its sides are equal. 

§ 172. e,) Divide a rectangle 5 feet long and 4 feet wide 
into square feet. How many rectangles do you make, each 
containing 5 square feet ? How many do you make, each 
containing 4 square feet ? Does it make any difference 
whether you divide into 4 rectangles of 5 units each, or into 
5 rectangles of 4 units each ? 5X4^4X5? 

In multiplying two factors, does it make any difference in 
the result, which you take as the multiplicand ? 

f.) What is the area of a rectangular board 12 ft. long and 
2 ft. wide? 18 ft. long and IJ ft. wide? 16 ft. long and H ft. 
wide? 12 ft. long and i ft. wide? 

If a rectangular field is 20 rods long and 8 rods wide, 
how many square rods does it contain ? how many acres ? 

What is the area of a rectangular field 25 rods long and 
20 rods wide ? 16 rods long and 12| rods wide 1 

If the sides, celling, and fioor of a room are all rectangles, 
and the room is 20 ft. long, 16 ft. wide, and 10 ft. high, 
what is the area of each side 1 of the ceiling ? of the floor ? 
In painting the whole inside of the room, how much surface 
must be gone over ? 

What is the area of a rectangle, if the base is 10 miles and 
the altitude 6 miles ? if the base is 12 linear units of any 
kind, and the altitude 7 like units ? 

g,) How many square inches are there in a square foot t 
Ho^ many square feet in a square yard ? . How many square 
yards in a square rod ? How many square rods in a square 
ftirlong ? How many square ftirlongs in a square mile ? 

What is the area of a square field, if one side is 20 rods? 
if one side is 40 rods ? 80 rods ? 

What is the area of a square; if one side is 5 inches ? if 
* one side is 7 feetl 8 yards? 11 miles? 
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What is the base of a sqnaxe oo&takiing 16 square feeil 
of one containing 36 square inches! 81 square rods? 

§ 173. h.) How does any parallelogram compare with a 

rectangle of the same hase and altitude t 160. l. 

What is the measure of that rectangle ? 170. 

What is, then, the measure of the parallelogram ? 

How does any triangle compare with a rectangle of the 

same base and altitude ? im. s. 

What IS) then, its measuxe 1 

CoR. I. The measure of any parallelogram is the product^ 
and of any triangle half the prodticti of the base and aUitude, 

How, then, do you obtain the area of a paiallelogiam % 
of a triangle ? 

In obtaining the area of a triangle, does it make any differ- 
ence, whether you multiply the base by the altitude and take 
half the product, or multiply half the base by the altitude, or 
multiply the base by half the altitude 1 Will the first, or <me 
of the two last methods be usually found most convenient ? 

What is the area of a parallelogram whose base is 10 
inches and altitude 7 ? of one whose base is 20 feet and alti- 
tude 15 ? of one whose base is 30 rods and altitude 9 1 

What is the area of a triangle whose base is 6 inches and 
altitude 5? of one whose base is 12 feet and altitude 81 of 
one whose base is 30 yards and altitude 13 ? of one whose 
base is 17 rods and altitude 16 ? 

How many square yards are contained in a parallelogram 
whose base is 12 ft. and altitude 6 ft. ? in one whose base is 
27 ft. and altitude 4 ft. 

».) If the area of a parallelogram is 20 sq. ft. and the base 
5 ft., what is the altitude ? 

If the area of a parallelogram is 36 sq. yds. and the alti- 
tude 4 yds., what is the base? 

If the area of a parallelogram is 4 sq. yds. and the base 
9 ft., what is the altitude ? 

If the ajea of a triangle is 10 sq. inches and the base 5 
inches, what is the altitude? 
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If the aaRMi of a triaDgk is 36 aq. rods and the ahftnde 7 
rods^ what is fiie base 1 

If the area of a triangle is 4 sq. yds. and the baae 6 ft., 
what is the altitude ? 

If you divide an acre into 10 eqaal squares, what is one 
side of each square? If you divide it into 40 equal 
squares? 

If a triangular piece of ground eontains 5 acres, and one 
side is fifty rods, how far is the opposite angle from this 
side ? 87. 

In a parallelogram, if the area and the base ox the alti- 
tude are given, how do you find the other dimensioa? In a 
triangle ? 

$ 174. k.y In the trapezoid ABCD, 
Qinen, its parallel bases (^ 134. b) 
AB and DC, and its altitude DE. 

Bequiredy its area. 

Divide it into two triangles by joining 
DB. 

Then <ADB s» JAB x DE 1 173. 

And ^DBC m 4DC x DE ? 

ABCD «» J ( AB + DC) X DE ? 

Cor. II. The measure of a trapezoid is ha^ the product of 
the sum of its parallel bases into its altitude. 

What is the area of a trapezoid, if the bases are 7 ft. and 
9 ft. , and the altitude Oft.? if the bases are 17 yds. and 
13 yds., and the altitude 11 yds. ? 

If the area of a trapezoid is 100 sq. ft., and the two paral- 
lel sides are 13 ft. and 12 ft., what is its altitude ? 

If, in a trapezoidal field containing one acre, one base is 
20 rods long and is 10 rods from the other base, what is 
the length of the other baae ? 
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^ 175. /.) 1. Prore Cor. n. by show* 

ing that any trapezoid (as ABCD, 
.Fig. LxxXu.) with an identical trape- 
zoid inverted (as CEFB) will make a 
parallelogram of the same altitude, but 
having for its base the sum of the par^ 
allel bases of the trapezoid. 

2. ProTe-that BC and AE, a diagonal of the paxaUelo- 
gram, bisect each other. 

3. If any parallelogram (as AFED) is given, and any 
straight line (as BC) bisects a diagonal (as AE), prove that 
it also bisects the parallelogram. 

^ 176. m.) Can every polygon be divided into triangles ? 
If, then, you can ascertain the base and altitude of each of 
these, can you obtain the area of the whole polygon? How? 

§ 177. n.) It is often convenient to represent a line by a 
single Italic letter, in accordance with algebraic notation ; 
as, a, b» The rectangle of two lines will then be expressed 
by two letters, either with, or more frequently without, the 
sign of multiplication (§ 12. 2) ; as, aXh, or, more fire- 
quently, ab. A square will be expressed by a letter repeated, 
or. written with the exponent * ; as, oa, or a*. 

If the base of a parallelogram or triangle is represented by 
bj and its height by A, then the area of the parallelogram 
will be expressed by bh, and that of the triangle by ^bh. If 
the sum of the parallel bases of a trapezoid is represented by 
5, and its height by h, then its area will be expressed by 
l^sh» 

§ 178. o,) 1. If the base AD of 
the rectangle ADGF consists of sev- 
eral parts AB, BC, and CD, does 
the Tyhole rectangle contain the rec- 
tangles of each part of the base into 
the altitude AF? 
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ADGF ft» AB X AF + BCX AF + CDX AF? 
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Point oot each of these rectangles npon the ^g%B» (m 
which BH and CI are drawn g AF). See § 171. d, 

2. If the altitude AF consists of seyeral parts AE and 
£F, does the whole rectangle contain the rectangles of the 
base into each part of the altitude ? 

ADGF a» AD X AE + AD X EF ? 

Point out each of these rectangles upon the figure (in 
which EK is drawn || AD). 

3. If both the base and the altitude are divided (as in the 
figure above), does the whole rectangle contain the rectangles 
of each part of the base into each part of the altitude ? 

ADGF = ABxAE + BCx AE, &c. 

(complete the equation, and point out each rectangle upon the 
figure). 

Cor. III. The rectangle of two lines is the sum of the rec- 
tangles of each part of the one into each part of the other. 

How, then, do you find the area of a rectangle whose sides 
consist of several parts ? 

(a) If the parts of the base, in Fig. lxxxiii., are repre- 
sented by a, d, and c, and the parts of the altitude by d and e 
(4 177), then 

(a-{'b'\-c)xid-\-e) ==ad-^bd-}-^-\-ae'^b€'\'Ce. 

Point out each term pf this equation upon the figure. 

(b) Let fl «= 4 ft., ^ == 6 ft., c = 2 ft., rf == 6 ft., and e = 
8 ft. What is then the whole base ? the whole altitude ! 
What is each of the rectangles ad^ bdt &c. ? What is their 
sum ? Is this the same with the area of the whole rectangle 
as obtained by directly multiplying the \(4iole base into the 
whole altitude ? 

^ 179. |>.) If the base of a rectangle is divided into 4 parts, 
and the altitude into 3 parts, into how many parts will the 
rectangle be divided by parallels drawn through the division- 
points? Into how many parts will it be divided, if the base 
• is divided into 5 parts and the altitude into 6 parts ! if both 



142 



680ICSTRT. — FAST IV. 



Riao. 



E 



Lxxxnr. 

G D 



A 



B 



H 



the base and the altitade-aie each divided into 10 parts? 
into 12? 

If all the parts both of the base and of the altitude are 
equal, into figures of what kind will the rectangle be di- 
vided? - * 

If the sides of a square are each di- 
vided into two equal parts, into how 
many smaller squares will it be divided 
by parallels drawn through the division- 
points ? If they are each divided into 
3 equal parts? into 5? into 8? into 20? 

What part of the square of a line is 
the square of its half? of its third ? of 
its fourth? 

If R = 6S, then R« = AmSM R« = ^S«, if R = 7SI 
if R=10S? if R = 40S? . 

CoR. IV. The square of a line is equal to four times the 
square of its hdlf^ to mrie times the square of its thtrd, &c. ; 
and, in general, whatever number expresses the relation of one 
line to another J the square of this number expresses the relation 
of the square of the first line to thi square of the second, 

(a) If a line be represented by a, then 

(2a)* = 4a% (j^af = ia*, (5a)« == 25««, &c. 

(b) Twice the square of the half of a line = what part of 
the square of the whole line ? 

(c) How does the square of a line (as ACU*, Fig. lxxxiv.) 
compare with the rectangle of the whole line into its half 
(as AC X AB) ? How does this rectangle compare with 
the square of the half (as AB') ? 

^ 180. p.) Given, AC = AB + 
BC. 

Required, the square of AC in terms 
of AB and BC (^ 22). 

( AB + BC) X ( AB + BC) a» AB X 
AB -f BC X AB + AB X BC + 
BC X BC? 
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Which of these tenns^ may be more briefly written ? 19. 8. 
Which two, as equal, may be miited ? 173. e, 

.-. (AB+BC)», or AC*, a» AB«4-2ABx BC+BC*? 

Show, in Fig. lxxxv. (where AF = AB, BG || AE, and 
FH II AC), that AB, the square of AC, contains each of 
these smaller squares and rectangles. 

CoR. Y. T%e square of the sum of two Unes is egtud to the 
sum of their squares^ plus twice their rectangle, 

(a) If the two lines are represented by a and 6, then 

(a 4- J)« = fl» -I- 2flft + ft?. 

(b) Let a = 3 inches, and b=^2 inches. What is then 
the area of a*, of 3a&, and of ^ ? What is the sum of these 
areas ? Is this the same with the area of ^e whole square 
as obtained by a single multiplication ? 

(c) Find according to this method the area of a square 
whose base is 4 ft. -f- 3 ft. ; of one whose base is 7 ft. -{- 
5ft.; of one whose base is 10 ft. -|~ 5 ft. ; of one whose 
base is 10 ft. + 9 ft. ; of one whose base is 100 ft. -|- 12 ft. 

(d) If a = by show that the equation above, (a -f- b)* =» 
a* -f- 3a& -f- ^, may be changed into {2af =s 4a* ; and com- 
pare Cor. IV. (§ 179). 

( 181. r.) Cor. v. might be thus extended to any number 
of lines : 77^ square of the sum of any number of Unes is 
equal to the sum of their squares, phis tioice the rectangle of 
each pair which can be formed by combining them. Thus, 

{a + b+cf = a' + 2ab+l^ + 2ac + Qbc + c'. 

Draw the square of a line consisting of three parts, and 
so divide it by parallels as to show that it contains each of 
these smaller squares and rectangles. 

(b) Gr. rifft; bound, limit ; Lat. terminus, Fr. terme. The parts of a 
quantity which are connected hy the signs + and — are called terms. For 
another application of the word,« see f 22. 
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^ 183. «,) A line may not only be 

xegaxded as the sum, but also as the 
diffeience, of other lines ; thus, 
AC = AB — CB. 

Fiom the rectangle of AB into AD, 

what must you subtract, to obtain 

the rectangle of AC into AD ? 
.-. AC X AD, or (AB — CB) X AD, «» AB X AD — 

CB X ADt 
But AD may itself be regarded as the difleroioe between 

AF and DF ; and then the rectangle of AC and AD will 

be thus represented : (AB — CB) X (AF — DF>. 
From the rectangle of AC into AF, what must you subtract 

to obtain the rectangle of AC into AD 1 

ACxADa»ACxAF — ACxDFI 
But ACxAFs»ABxAF — CBxAFl 

And ACxDFiswABxDF — CBXDFI 

Must, then, this second quantity ( AB X DF — CB X DF) 
be subtracted from the first (ABxAF — CBxAF),in 
order to obtain the value of ACX AD 1 

In subtracting AB X DF, do you subtract too much or too 
litUe ? 

How much do you subtract more than you should 1 

What, then, must you add, to make the result right ? 

.-, AC X AD, or (AB — CB) X (AF — DF), s» AB x AF 

— CBxAlF — ABXDF + CBXDF? 
Point out each of these rectangles upon the figure ; and show 

that the rectangle HE is subtracted twice, and therefore 

must be added, to make the result right. 

Note. Quantities to which the sign — is prefixed are 
termed negatived as diminishing the amount ; those to which 
the sign -|- is prefixed (which is also to be understood, when 
a quantity, standing alone or beginning a series, has no sign 



(c) Lat. negativus, from nego, to deny, as denying value. 
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prefixed) are tenned positive^ as increasing the amount. 
It will be dieeTred that when a positive and a negative quan- 
tity are mukiplied together, the result is negative ; and that 
when two positive quantities, or two negative quantities, are 
multiplied together, the result is positive. Hence has arisen 
what is termed the late of the signs in muhiplication ; viz. 

Like signs (+ +, or ) produce pha (+) ; unlikb 

(-] , or j-), minus ( — ). 

CoR. vi. The difference of two lines is multiplied tn the 
same manner as their sum, observing the law of the signs in 
mulHplication. 

(a) If AB, in Fig. lzxxvi., is represented by a, CB by b, 
AF bye, and DF by cf , then AC « a — ^*, and AD«=sc — 
d ; and we have, as an expression of the value <^ AC X AD, 

(tf — b)>i(c — d)^ac — be — ad + bd. 
Point oat each term of this equation upon the figure. 

(b) Let as 10 ft., 5 =^4 ft., c^Sit., and<f»:3ft^ 
what is then the value of each of the terms obtained by the 
multiplication? What is the wh(^e ameimtl Is this the 
same w^ith the product obtained by directly multiplying the 
value of fl — b into the value of c — d'i 

§ 183. t,) Given, AC = AB — 
CB. 

Required, the square of AC in 
terms of AB and CB. v | 

(AB — CB) X (AB — CB) m AB 
XAB — CBXAB — ABXCB 
+ CBXCB? 

.-. (AB — CB)S or ACS m AW \ \ 

— 2ABXCB + CBM ^ ^ 

Show, in Fig. lxxxvii. (where AH = AC, HI || AB, and 
CK II AH), that, if ftom AD (the squaxe of AB) -f- CF 
(the square of CB) you take twice the rectangle of AB 
and CB, there remains the square of AC. 

- — 

(d) L. positiTus, from pono, to places aa placing or giring value. 

LESS. OXOM. 10 M 
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Cor. vii. The square of the difference ef two hnes is equtd 
to the sum of their squares, minus twice their rectangle. 

(a) If the two lines are represented by a and b, then 

(a — Jf, or (6 — af, = «• — 2a6 + ^. 

(b) Let a =s 5 ft. and 6 = 2 ft. What is then the Talue 
of a'y of — 2abf and of 6' ! Is the amount the same with 
that which is obtained by directly multiplying the value of 
fl — ft [5 — 2 = 3] into itself! 

(c) Find, according to this method, the area of a square 
whose base is 10 — - 1 ft. ; of one whose base b 60 — 3 ft. ; 
of one whose base is 100 — 7 ft. 

$ 184. «.) If the square of the sum of two lines is gretOer 
than the sum of their squares by twice thdr rectangle (^ 180), 
and the square of their d^erence is less than the sum of their 
squares by twice their rectangle (^ 183), how much does 
the square of their sum exceed the square of their differ- 
ence? 

Show, in Fig. Lxxxvni. (whore AB 
«CG == DH= EF, and BP, GO, HK, 
and FL are drawn parallel to the sides 
of ACDE, the square of AC the sum 
of AB and BC), that KLPO is the 
square of the difference of AB and BC, 
and that AD, the square of the sum, 
exceeds KP, the square of the differ- e^ — h 
ence, by 4 times the rectangle of AB 
and BC. 

Cor. VIII. 7%c square of the sum of two lines exceeds the 
square of their difference by four times their rectangle. 

(a) If the greater line is represented by a, and the less by 

by then 

(fl + J)« -.- (a — j)a « 4<ij. 

(b) Let a = 5 ft. and ft = 3 ft. What is then their sum? 
their difference ? the square of their sum ? the square of their 
difference ? Show that the square of the sum exceeds the 
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^aaie of liie difierenee by 4 times the rectangle of the two 
lines. 
Let a = 8 ft. and & 3= 4 ft. ; and then show the same. 

§ 185. ».) Given, two lines AB and ^ hxxxr. 
AC. 

Required, the rectangle of their sum 
and difference in terms of their squares. 

( AB + AC) X (AB — AC) a» AB»+ 
. ACX AB — ABXAC — AC? 

Is the value at all afiected by adding 
AC X AB, and subtracting AB X 
AC? 31. fl. 

Alay we then cancel + AC X AB — AB X AC? 

( AB + AC) X ( AB — AC) »» AB* — AC» ? 

Show, in Fig. lxxxv., that if from AD, the square of AB, 
you take AI, the square of AC, there remain the rec- 
tangles of each line into their differ^ice. 

Are these together equal to the rectangle of the sum of the 
two lines into their difference ? ns. 

CoR. IX. The rectangle of the sum and difference of two 
Unes is equal to the difference of their squares. 

(a) If the greater line is represented by a, and the less by 
6, then 

(a + ^jXCfl-^W^o* — 6». 

(b) What, according to this Corollary, is the difference 
between the square of 5 ft. and the square of 3 ft. ? Do you 
obtain the same result by subtracting the square of 3 ft. from 
the square of 5 ft. ? 

(c) What must you add to the square of 5 ft. to obtain the 
square of 7 ft. ? to the square of 10 ft. to obtain the square of 
15 ft.? to the square of 45 ft. to obtain the square of 55 ft. ? 

(d) What must you subtract from the square of 8 ft. to 
obtain the square of 6 ft. ? from the square of 20 ft. to obtain 
the square of 17 ft. ? 
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(e) What must you add to ike square of 10 ft. to obtain 

the square of 11 ft. ? to the square of 11 ft. to obtain that of 
12 ft. 1 to the square of 13 ft. to obtain that of 13 ft.! to the 
square of 100 ft. to obtain that of 101 ft. ! 

What must you add to the square of any number to obtain 
the square of the next higher number ? 

(f ) What must you subtract ftom the square of 10 ft. to 
obtain that of 9 ft. t from the square of 9 ft. to obtain that of 
8 ft. ! from the square of 100 ft. to obtam that of 99 ft. ? 

What must you subtract from the square of any number 
to obtain the squaie of the next lower number t 

(g) As any two numbers may be resolved into the sum 
and difference of two numbers, this Corollary suggests a 
method of finding the product of two numbers which is some- 
times convenient. 

Find, by applying this Corollary, the area of a parallelo- 
gram whose base is 22 (= 20 -f- 2] ft. and altitude 18 (== 20 
— 2) ft. 

What ia the area of a rectangular field 53 rods long and 
47 rods wide ? of a rectangular field 97 roda long and 83 
rods wide ? 

§ 186. w.) In Fig. lxxxy. (§ 185), the rectangle AB X 
AC = AC* + what rectangle ? 

And AB X AC = AB^ — what rectangle ! 

CoR. X. The rectangle of two Unes is tqtud to the square 
of the less pltu the rectangle of the less and the differmoe of 
the two ; or to the square of the greater mmitf the rectangle- 
qfthe greater and the difference of the two, 

(a) Compare the rectangle of 5 ft. and 7 ft. with tile square 
of 5 ft., and with the square of 7 ft. 

.Compare the rectangle of 10 ft. and 20 ft. with the square* 
of 10 ft. and 20 ft. 

(b) Apply this Corollary in {ooof of Cor. tz. 
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§ 187. Giveuy a triangle 
ABC, right angled at A. 

Required, BC ^ AB' + 
AC^ 

Let BE be the square of BC, AF of 
AB, and AH of AC. Through 
A, draw KLN |1 BD; produce FG 
and HJ till they meet KA ; and 
produce DB to O, and EC to P. 

flFBA «» aOBC ? 27. 

/. Subtracting OB A, aFBO ft» aABC ? »./. 

[0 what three parts, then, do tFBO and /ABC agree ? 

OB s» BC «» BD ! 40, m. 

Parallelogram BN m BK ? igo. 1. 

But, as FK II BA, BK «» AF ? 

BNft»AFl 

Show, in like manner, PC di^ BC dar CE ; and then, CN s» 
CK ft» AH. 

But, BEa»BN-fCN? .-. BE «» AF + AH1 

§ 188. Theor. III. In a right trianghy the 
square of the hypotenuse is equal to the sum of the 
squares of the other tmo sides, 

[Proved by dividing the square of the hypotenuse into two rectangles, each 
of which, by the aid of Theor. I., is shown to be equal to one of the other 
squares.] 

^ 189. a.) If the base of a right triangle is 8 ft. and the 
perpendicular 6 ft., what is the square of the base? the square 
of the perpendicular ? the square of the hypotenuse? What, 
then, is the hypotenuse? 

What is the hypotenuse of a right triangle, if the base is 
3 ft. and the perpendicular 4 fl. ? if the base is 12 yds. and 
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the perpendiealar 5 yds. ! if the base is 40 rods and the per- 
pendicular 30 rods ! 

In any right triangle, if the base and perpendicular are 
given, how do you find the hypotenuse ? 

^ 190. 6.) AB« a» BC9 — AC9? And AC? i» BC9 — 
AB«? 

Cor. I. In a right triangle, the square of one of the sidea 
containing the right angle is e^puX to the difference of the 
squares of the other two sides, 

c] If the base of a right triangle is 4 ft. and the hypote- 
nuse 5 ft., what is the square of the perpendicular 1 what is 
the perpendioular ! 

What is the base of a right triangle, if the square of the 
hypotenuse is 100 sq. yds. and the square of the perpendicu- 
lar 36 sq. yds.? if ^e hypotenuse is \6 ft. and the perpen- 
dicular 9 ft. ? if the hypotenuse is 50 rods and the perpeiH 
dicttlar 30 rods ? 

In any right triangle, if the hypotenuse and one of the 
other sides are given, how do you find the third side % 

d.) In Fig. Lxxxix., how does AC^ {« BCa — AB^) 
compare with the rectangle of the sum and difierence of BC 
and AB ? 185. 

Apply § 185 to finding the perpendicular of a right triangle 
whose hypotenuse is 95 ft. and base 24 ft. ; of one whose 
hypotenuse is 20 ft. and base 16 ft. 

§ 191. e.) In any rectangle, how does the square of a 
diagonal compare with the sum of the squares of any two 
adjoining sides? 

What is the length of a straight road between opposite 
comers of a rectangular township 8 miles long and 6 miles 
wide? 

If a rectangular field is 16 rods long and 13 rods wide, 
how much distance do you save, in going from one comer to 
the opposite corner, by walking straight across the field, 
instead of walking upon the two sides ? 

How do the squares of the four sides of a rectangle to- 
gether compare with the squares of its two diagonals? 
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i 19S. /.) If flBAO = 90^, aad AB txxxiv, 

= AC, thenBC9 = AmAB«1 EAR 

Draw CD || AB, and BD || AC. Join 
AD ; and through the points A, D, 
B, and C, draw EH and F6 || BC, b 
and EF and HG || AD. Point out 
in the figure the squares of AB and 
BC, and show from the figure that f D G 

BC9 « 2AB9. 

AB« = AmAES 1 

What part, then, is any square of the square of its di- 
agonal ? 

How many identical triangles does Fig. lxxxiv. contain t 
What squares in the figure contain two of these triangles ! 
four.? eight? 

CoH. II. Any square is half the square of its diagonal. 

g.) If one side of a square is 5 ft. , what is the sqaare oi its 
diagonal 1 If one side i» 8 ft. ? If one side is 10 ft. ? 

What is the hase of a square, if ^ square of its diagonal 
is 72 sq. yds. ? if the square of its. diagonal is 98 sq. rods I 
if the square of its diagonal is 242 sq. rods. 

What is the distance between the opposite comers of a 
square field containing 50 sq. rods ? of one containing 1 acre 
and 40 sq. rods ? of one containing } of an acre ? 

§ 193. A.) In Fig. lxxxix., AB2 m BC X BL ? i«7. 

And AC9»»BCXLCt 

Again AB3 + ACa «y BIi9 + LC* -f 2AL?? 18«. 

And BC2 ft» Bi;» + LC2 + 2BL X LC ? iso. 

AL^ftwrBLxLC? 90./, A. 

CoR. III. If the hypotenuse of a right triangle he divided 
into two segments^ by a perpendicular dranon from the right 
angUy (1.) the square of either of the other sides is equal to 
the rectangle of the hypotenuse into its segment adjoining 
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thai skk; and (-2.) Ae squart of this perpendieuJar is equal 
to the rectangle of the two segments, 

i.) If BL = iBC, AB9 = what part of BC?? AB^ js» 
AC9? 

If BL = JBC, AB« = what part of BC«1 of AC?? If 
BL = JBC ! 

Whaterer part BL ia of BC, is AB^ the same part of 
Beat 

Show from Cor. in. 2., that, if BL = LC, then AL = BL 
Compare ^131. 

§ 194. k.) The following is Euclid's 
Method of demonstrating Theor. III. 

Draw AN I BD; and join AD, 
FC,AE,andHB. Show that ^ABD 
and tFBC are identical ; and that, 
therefore (since ^ABD s= JBN, and 
tFBC ^ iAT), BN is = AF. 
Show, in like manner, that /AC£ 
and iHCB are identical ; and, conse- 
quently, CN » AH. .' . BE == AF 4- AH. 

^ 195. /.) Third Method. Join OP, in Fig. lxxxix., and 
show that BOPC is the square of BC. Show that the tri- 
angles BFO, QKP, PHC, BAC, AGK, and KJA are iden- 
tical ; and that, if yon take the first three from the pentagon 
BFKHC, BC^ remains, while, if you take from it the last 
three, ABa and AC« remain. .•.BC«==^ AfiS-f- AC^. «./, 

§ 196. m.) Fourth Method. Upon 
the hypotenuse BC, describe the square 
BDEC ; and through D and E, draw 
FG and GH parallel to AC and AB, 
and forming, with these lines produced, 
the quadrilateral AFGH. Show that 
the triangles ABC, FDB, GED, and 
HCE are identical, and are together = 
SAB X AC ; so that AFGH is = BC* 
f SAB X AC. Show that AFGH is the square of AB + 
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AC, and is, therefore, « ABB ^ aC« + SAB X AC. 
.• . BC9 « AB« + AC9. aa./. 

§ 197. n.) Fifth Method, Divide 
BCDE, the square of the hypotenuse 
BC, as in Fig. xei. (where the an- 
gles D£H, CDI, and BCI are each 
= CBA). Put rtDC into the position 
ABC, and <HED into the position 
FEB ; and shoTv that you have thus 
made, from the square of BC, the two 
squares of AC and AB. 

lUustrate this method hy the actual dissection of a squaore 
<bawn upon paper. 

§ 198. o,) This Proposition, which has been named, from 
its discoverer, ^e Pythagorean, is the most celebrated in 
Greometry ; and there is none which has more exercised the 
ingenuity of mathematicians in devising different methods of 
{NTOof. Hoffmann, in his Treatise upon the Proposition 
(Mayenoe, 1819), exhibits no fewer than thirty-two methods 
differing more or less from each other. Of these, the 
methods given abbve are the most celebrated and beautiful. 

§ 199. />.) (fl + 5)2 = a2 _j_ 2fl5 + «2. 180. a. 

And (a — h)^ = a^ — 2ab\- J'. iss. a. 

.". Adding the equations, and cancelling + 2ab — 2fl&, 

(fl + i)9 + (a — 5)9 «v 2a3 + 253 ? 
Dividing by 2, i(a -f 5)9 -J- 4(a ^ 5)« ^ o^ + 59 1 

CoR. iv. (1.) The squares of two Hues are together equal 
to hdff the squares of their sum and differewx, (2.) The 
squares of the sum and difference of two lines are together 
equal to twice the squares of the lines. 

Apply this Corollary to two lines, one of which is 6 ft. 
and the other 4 ft. Apply it to two lines, one of which is 
9 ft. and the other 3 ft. 

§ 200. q,) Each part of Cor. rv. may be proved by a 
separate and beautiful application of Theor. III. 
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(1.) Let the two Imes be AB and 
BO, joined at B so as to form one 
straight line. Then their sum will 
be AC, and their difference DB, 
obtained by taking, from AB, 
AD -: BC. 

Bisect AC in £. Is DB also bi- 
sected in E? Whyl 

At E raise EF -^ and » AE ; and join FA and FC. Draw 
B6 II EF, meeting FC at G ; and draw GH g AB. 

What lines in the figure are each equal to AE ? to BC ? 

to EB! 
What right-angled isosceles triangles are there in the figure % 
Join AG. What kind of triangles are AFG and ABG ? 

AB* -|- BG* = square of what line ? 
And AG* = squares of what two other lines ? 
AB3 + BC* (= BG«) «» AF» + FGS ? 
But AF* = twice the square of what line ? IM./. 

And FG* = twice the square of what line ? 

AB3 + BC« »» 2AE? + 2EB3t. 
But 2 AE* = half of what square 1 iTO. b. 

And 2EB3 = half of what square? 

AB* + BC* a» i AC* + JDB* ! 

(2.) Let the two lines be AB 
and BC, joined at B so as to 
form one straight line: Then 
their sum will be AC, and their 
difference DC, obtained by tak- 
ing, from BC, BD = AB. 

At B raise BE -l- and = AB. 
Join AE, and through D draw 

EDF meeting at F with the line GCF drawn -^ AC 
through pC, Draw EG || BC, and join AF. 

Show, by a method of proof similar to the preceding, that 
AC* 4- I>C« (= CF*) are = AF* ; and, therefore, = 
AE* + EF* ; and, therefore, = 2AB* -f 2BC*. 
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§ 201. Given, any side ^ , ^^^- ^ , 

^ ^ , ' * ^ Ho. 1. No. S. No. •. 

of a triangle AB, opposite a a a 

to an oblique angle C. 

Reqviredj the square of 
AB in terms of the other 
sides. 

From aAj either of the angles adjacent to AB, draw 
AF -^ the opposite side BC, produced if necessary. Three 
cases will he ohserved. (1.) If aC is ohtuse, AF falls with- 
out the triangle on the side of C. (2.) If aC and dB are 
hoth abate, AF falls within the triangle. (3.) If aB is oh- 
tuse, AF falls without the triangle on the side of AB. The 
mode of investigatixig the three cases is the same, and the 
result the same except in the sign of one of the terms. 

As iiAFB = OOP, AB9 a» AF» + BF« t 

But, in Case 1, as BF = CF + BC, 

BFa tof CF» + BC2 -f 8BCX CF? 
AB8 ^ AF»-f CF»-f BC9 + 2BCX CF1 
But AF» + CF» = square of what line t 



186. 



160. 

16. a. 

188. 



AB« m ACS+ BC«+ 2BCX CF? 



In Cases 2 and 3, as BF = BC — CF, or CF — BC, 

BF« «» CF» + BC2 — 2BC X CF1 m. 

AB9 8» AF3 + CF9-}- BCa — 2BCXCF? 
AB9 ftw AC9 + BC» -^ 2B0 X CFI 

How does the value of AB^ in Cases 2 and 3 differ from its 

value in Case 1? 
DniversaUy, ABS = AC9 -f- BC^ + or — 2BC X CF. 

Trace upon the figure, and write out separately, the demon- 
stration of each case. 
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§ 202. Theor. IV. The square of any ride of 
a triangle subtending an obtuse angle is create r, 
and of any ride subtending an acute angle less, 
than the sum of the squares of the other two rides, 
by twice the rectangle of either of these sides into the 
distance between a perpendicular let fall upon it 
from the opporite vertex and the given angle. 

[Ph>vtd hj meaai of Thaor. in.) and M 160, 183.] 

^ 203. a.) 1. Given, in f ABC (Fig. xciv.), AB« > AO 
+ BC«. 

Esquired, aC m 90P. 

TfflC = OOP, then AB« aw AC* + BC« ? iss. 

And, if flC < 90°, then AB« f» AC« -f BC« I 

2. Show by the saniB mode of reasoning, that, if AB' < 
AC« + BC«, then tfC < 90P ; and, if AB« ^ AC" + BOs, 
then aC ^ 90°. Henoe (uniting ^^ 188, 302, 203. a), 

b,) CoR. I. The square of an^ side of a triongle ts =, >, 
or < the sum of the squares of the other two sides, according 
as the angle which it subtends t5 =, >^, or < a right angle ; 
and the converse, 

c.) Show, from § 78, that the ^des 
containing the right angle AFB are 
greater than those containing the obtnse 
angle ACB, and lesa than those contain- 
ing the acttte angle AcB. 

^ 204. rf.) If the formuk aboye (AB« =» AC« + BC« + 
or — 2BC X CF) were applied to the*hypotenuse of a right 
triangle, as the perpendicular AF must now fell upon AC, 
how much would CF be ? How much, then, would -{~ or 
— 2BC X CF be t Do you obtain, then, the same result 
as in § 167 ? This f<»niula, therefore, may be ai^lied to any 
side of any triangle. 
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§ 905. e.) As, in Fig. xcnr., AB« =« AF« + BF», a&d 
AC = AF« + CF«, 

AB« — AC« ft» BF» — CF2 ? ao./. 

Cor. II. The difference b^ween the squares of any two sides 
of a triangle is the same with the difference between the squares 
of their distances from a ^perpendicular let fall upon the third 
side from the opposite angle. 

Proposition V. 

§ 206. Given, any triangle no.!. ^^' ko.«. 

ABC, with a line drawn from ^ ^ 

the middle of any side BC to /\ y 

the opposite angle. / | \ / / 

Required, the sum of the » » c b d f c 

squares of AB and AC, in terms of BC and AD. 

If AD ia -JU BC, as itt No. 1, then AB« « what two 
squares t MS. 

And AC* = what two squares] 

AB' 4" AC ss what four sqaareB? 

If AD is not -L BC, as in No. 2, draw AF -*- BC. 
Then AB' =» what iwo squares -j- what rectangle ? 903. 
And AC = what two squares — what rectangle % 
In adding these equations, what terms cancel each other t 3i. n. 
AB* + AC = what four squares ? 

But, in the four squares, in both cases, what square is taken 

twice? 
And BD« + DC xst 2BD» ? 

AB« + AC ft» 2BD» + SAD*? 

§ 207. Theor. V. The squares of any two sides 
of a triangle are together eqnal to twice the squares 
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of half the third side, and of the straight line drawn 
from the middle of this side to the opposite angle. 

[Proved by applying Theorems m. aad W.} 

$ 906. a.) What kind of a triangle is ABO in Fig. zcv., 

No. 1? 91,905. 

If AB and AC are each ss 5 ft. and BC == 6 ft., what is 
the length of AD ? What is the area of the triangle ? its. 

If BC = 12 ft. and AD s 8 fL, what is the length of the 
equal sides AB and AC? 

There is a field in the shape of an isosceles triangle, of 
which the area is 7^ acres and the altitude 40 rods ; what is 
the length of eadi side ! 

If the three sides of an isosceles triangle are given, how 
do you find the altitude ? the area I 

b.) If, in No. 2, AB = 9 ft., AC = 7 ft., and AD« = 
29 ft., what is the length of BC ? 

c) If aBAC « 90P, then 2BD« + 2AD* = what single 
square! I3i,i7». 

§ 209. d.) Owien, any parallelo- ^ ^i-"^- 
gram ABCD. '^r: : 

JieQvtreci, the sum of the squares \ ***••../ 
of its sides, in terms of the diag- \ /r''"'-.., 

onals. 




D 
As, in ^ABC, BF bisects AC, AB* -f- BC* = what! 

So, in /CDA, CD« + DA* = what ! 

.-. Adding the equations, AB* + BC* + CD* -|- DA* a» 
4AF*-f 2BF* + 2FD*! 

But 4AF* = the square of what line ! m. 

And 2BF* + 2FD* == what single square ! 

AB* + BC* -h CD* + DA* %» AC* + BD*! 

CoR. In any petraHelogram, the squares of the sides ate 
together equal to the squares of the diagonals. 

If AB = 6 ft., BC == 5 ft., and BD = 6 ft., what is the 
length of AC ! 

If AD =« 6 ft., DC = 8 ft., and BD* = 79 sq. ft., what 
is the length of AC ! 
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Problem I. 
^ 210. To bisect a gioen triangle ABC. 

1. By a Hne drawn from one an- 
gle A. Bisect BC in D, and join 
AB, which will bisect the triangle' 
(§ 160). 



xcv. 
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2. By a line drawn from a point D 
upon one side AB. Join DC. Bisect 
AB in E, draw EF || DC, and join DF, 
which will bisect ^ABC. 

Join EC. Then <AEC = J/ABC. 
But tDFC = <DEC (§ 160). .• . ADFC 
= J^ABC. 



Problem II. 

^211. To hieeci a given parallelogram ABCD. 

1. By a Hne drawn parallel to one side 
AB. Bisect AB, an adjoining side, in 
E; and draw EF [ AD. EF bisects 
ABCD (§ 163). 




160 



GBOMBTET. — FART V. 



K 312. 



2. By a line drawn from one angle 
A. Join AC, and the paraJlelogram 
is bisected (§ 110). 

3. By a line drawn through any 
other point F, either without or within 
ABCD. Draw a diagonal AC, and 

bisect it in G (which may be done by joining DB). Through 
F and G draw FGH, which wiU bisect ABCD C^ n^- 3)* 




Problem m. 



§ 212. To describe a triangle equal to a given pol- 
ygon of any greater number of sides. 
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1. If the given polygon is a paral- 
lelogram, as ABCD, produce the base 
AB to E, making BE = AB, and join 
DE. ADE is the triangle required. 

ABCD and ^ADE are each ^ i of 
a parallelogram of the same altitude 
upon the base AE (§§ 160, 165). 

2. If the given polygon is not a 
parallelogram, as ABCDE, reduce the 
number of sides to three as follows. 
Join DB, and firom C draw CF || DB, 
to meet AB produced. Join DF ; 
and since *DFB = ^DCB (§ 160), the 
quadrilateral AFDE is equal to the 

pentagon ABCDE. By drawing DG in like manner, reduce 
AFDE to the equal triangle GFD. Whatever may be the 
number of sides in the given polygon, it may thus, by suc- 
cessive steps, be reduced to a triangle. 

NoTK. Any polygon in which there are given a sufficient 
number of sides and angles or diagonals to determine it, may 
be constructed by drawing successively its several parts, ac- 
cording to the same general rules as those which apply to 
the construction of triangles. 
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Problem IV. 

§ 213. To describe a rectangle equal to a given tri- 
angle ABC. 

Througrh A, draw AD || BC. 
Bisect BC in £ ; draw EF and 
CD -1- BC ; and ECDP wiU be 
the rectangle required (§ 173). 



Problem V. 

§ 214. To describe a rectangle equal to a given ob- 
lique parallelogram ABCD. 

Draw AE and BF -^ AB, and 
meeting CD produced as far as may 
be necessary. ABFE is the rec- 
tangle required (§ 160). 

Note. Instead of the rectangle, both in this problem and 
in the preceding, a parallelogram having any required angle 
may be described, by making this angle at the base, in the 
place of one of the right angles. 




Problem YI. 

§ 215. To describe a parallelogram which shall be 
equal and equiangular to a given parallelogram ABCD, 
and which shall have one side of a given length. 

Produce one side of the given par- 
allelogram AB, making BE equal to 
the. given length ; and draw ECF 
meeting AD produced in F. Draw 
EG and FG parallel to AD and AB, 
and produce BC and DC to H and I. 
CIGH is the parallelogram required. 
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iEAF = <FGE, iEBC = /CIE, and tCDT = t¥HC 
(§110). .-. Subtracting equals from equals, ABCD == 
CIGH. 

§ 216. Note. When a parallelograin is divided, as AFGE 
aboTe, into four smaller paiaQelograms by lines drawn through 
a point in a diagonal, the two through which the diagonal 
passes are termed the parallelograms about the diagonal, and 
the other two are termed their complement^* It appears from 
the preceding section, that these complements are ahoays equal, 

Peoblem vn. 

^ 217. To describe a square equal to the sum of two 
given squares^ AB^ and AC 

Make a right angle BAG, having ^'"• 

its sides AB and AG equal to a side y\ -r^ 

of each of the given squares. Join / XA- ' 

BG, and upon BG describe the square \ y\ ) D 




BHIG, which will be the square re- ^.^^ ^, 

quired. 

As «BAG = 9(P, BCa == ABa 
-}- AGS (§ 188). 



Notes. 1. In the same manner, 
any number of squares may be successively added. 

§ 218. 2. The equality of 62 to 4^ ^iv. ^ 

4- 3^ furnishes an additional means of .ij^. 

raising a perpendicular to a straight line 
AB at a given point G (§ 137). From ^y' 

G lay off, upon one side, 3 equal parts a E D ' ' c F^B 
to D, and 4 to E ; and, upon the other, 
1 to F. Then, from E, with the radius EF, and from G, 
with the radius CD, describe arcs cutting each other in G. 
Join GG, which will be the perpendicular required. Since 
GE8 is = EG9 + GCa, aEGG = 90P (§ 203. h). 



(f) L«t. complementtun, from compleo, toJiUup. 
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The unit CF may be made of any conYenient length ; or 
the equal parts may be taken from a Bcale. 



* Problem VIII. 

§ 219. To describe a square equal to the difference 
of two given squares^ BC* and AB^. 

Draw AB (Fig. cm.) equal to a side of the less square, 
and from A, draw AK -^ AB. From B as a centre, with 
a radius equal to a side of the greater square, describe an 
arc cutting AK in C. Upon AC describe the square ACDE, 
which will be the square required. 

AsaBAC = 90°, AC» = BCa — AB« (^ 190). 

PrOBIiEM IX. 

^ 220. To describe a square equal to a given rec* 
tangle AB X BG. 

From AB {the longer side) take ^^* ..^a 

AE = BC, and bisect EB in F. /j\ 

From F as a centre, with the radius ^ 

FA, describe an arc cutting CB pro- Ai — h 



•— H 



duced in G. Upon BG describe a 

square, which will be the square re- ^ ^ 

quired. 

AB is the sum of AF (= FG) and FB, and AE (= BC) 
is their difference. Therefore, AB X BC = FG» — FB« 
(^ 185). But FG9— FB3= BG3. .-. AB X BC = BGa. 

Notes. 1. The point F may also be obtained by producing 
AB to H, making BH =s BC, and then bisecting AH. 

§ 221. 2. As a square can be described equal to any rec- 
tangle, a rectangle equal to any triangle (§ 213), and a tri- 
angle equal to any other polygon (^ 212), it follows that a 
square can be described equal to any given polygon. This 
operation is called the quadrature^ or squaring of the polygon. 

(g) Lai. quadratara, tqtuxring. 



164 GBOMETRT. — FART V. [§ 221. 

3. Ab a tiiangle is equal to the rectangle of its base and 
half its altitude (^ 173) , the side of a square equal to any 
given triangle may be immediately found by taking the base 
of the triangle in the place of AB (Fig. cv.), and half its 
altitude in the place of BH, and drawing BG -L- AH to meet 
an arc described from F the middle of AH with the radius 
FA. BG will be the side required. 



THE END. 
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